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Abstract

Three results pertaining to lateral control of heavy duty vehicles on Automated
Highway System are presented. First, a time domain, frequency domain and pole/zero
analysis of the linearized model for lateral control of tractor-trailer vehicles is presented.
The steering response subject to variation of speed, road adhesion and look-ahead
distance is studied. Based on the analysis, a simple baseline controller is designed.
The close-loop simulation is conducted to show that the designed controller meets the
requirement of the maximum lateral displacement that should not exceed 0.2m.

Secondly, an offtracking analysis based on the linear model of tractor semitrailer
is presented. It is shown that as the longitudinal velocity decreases, the dynamic
offtracking converges to the kinematic offracking value.

Finally, a genera method of deriving dynamic models for any configuration of

heavy duty vehicles is presented. For a heavy duty vehicle with N units, a complex 6N



degree of freedom simulation model is derived. Additionally, a smple (2 + N) degree
of freedom model is derived for the purpose of controller design. Constraint forces
between adjacent units are obtained. The effects of dolly tire steering angle, front tire
steering angles of each unit, if any, and traction and braking torques on each whed are
included in both models. A simplified non-linear analytical model of tractor-semitrailer
is presented and compared to the previous model.

keywords. Dynamic Modeling, Advanced Vehicle Control Systems, Lateral Control,
Steering Control, Heavy Duty Vehicles.



Executive Summary
This report summarizes the research results on Lateral Control of Heavy Duty Vehicles
for Automated Highway Systems (AHS) concluded under MOU 289 for the year 1996-
97.

This project is a continuation of the project “Latera Control of Commerciad Heavy
Duty Vehicles’, MOU 242. Under MOU 242, dynamic moded of tractor-semitrailer was
developed for control purposes. Severa linear and non-linear control agorithms were
designed for the lateral guidance of tractor semi-trailer and commuter buses. While
the accomplishments of MOU 242 were theoretical, the research in MOU289 has been
directed towards performing the closed loop experiments on a tractor-semitrailer.

In consonance with the goal of experimental demonstration of lateral guidance
of a tractor-semitrailer, a linearized tractor-semitrailer model has been studied. Fre-
guency and time domain analysis to understand the dependence of dynamic response of
the tractor-semitrailer on the cornering stiffness, longitudinal velocity and look-ahead
distance were done. Off-tracking, a major consideration for lane following control al-
gorithms had been studied for tractor-semitrailer and single unit vehicles with long
wheel-bases. Whereas the emphasis of this project is experimental demonstration of
the lateral guidance of Heavy vehicles, the modeling and analysis of heavy vehicles was
continued. Dynamic modeling of general heavy duty vehicles has been done

The report is divided in five sections. The first section presents the background
for the broad abjective: Placing heavy vehicles in the AHS framework. Subsequent
sections are concerned with related analysis. The second section describes the linear
analysis of tractor-semitrailers. Frequency and time domain analysis is used to study
the effect of look-ahead distance and velocity on the steering response of the tractor-
semitrailer. It is shown that the variation of vehicle speed and road surface quality
have significant influence in system dynamics. It is shown that increasing the look-
ahead distance increases the phase lead of system dynamics and increases the damping
of zeros of the open-loop system.

The third section reports off-tracking analysis of single-unit and tractor-semitrailer.

The dynamical models developed under MOU 242 are used to analyze the steady state
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behavior of the vehicles negotiating a curve of constant radius. It is shown that as
the longitudinal velocity decreases, the steering angle and off-tracking predicted by the
dynamic model approaches the values given by the kinematic model.

The fourth section of this report presents dynamic modding of generic multi-unit
heavy duty vehicle. An arbitray number of connected trailers and all the possible types
of combination that are currently in use are considered. In the complex simulation
model, trandational, bounce, roll, pitch and yaw motion of each unit are incoporated
unless contrained by the hitching mechanism. The coupling of roll and pitch motion is
investigated and the fifth-whed dynamics is considered. An anaytica simplified mode
expressed in 2 + N dynamic equations is given, where two equations model the system
planar trandational motion and N equations account for the yaw motions of N units.

Conclusions are presented in the last section.



1 Introduction

In the past, the automatic vehicle control research work for AHS has emphasized
passenger vehicles (Fenton et al., 1991, Shladover et a., 1991, Peng and Tomizuka,
1993). The study of heavy vehicles for AHS applications has, however, gained interest
only recently (Zimmermann et al., 1994, Blosseville et a., 1995, Favre, 1995, Bishel,
1993, Yanakiev et a., 1995, Chen et al., 1995). The study of lateral guidance of heavy
vehicles is important because of several reasons. In 1993, the share of the highway miles
accounted for by the truck traffic was around 28% (Highway Statistics, 1993). This is
a significant percentage of the total highway miles accounted for by al the vehicles in
the US. According to Motor Vehicles Facts and Figures (1993), California has largest
number of establishments manufacturing truck and truck-trailer combinations in the
U.S. In 1991, the total number of the registered heavy vehicles formed approximately
10% of the national figures. In 1991, 34.3% of highway taxes came from heavy vehicles
and this figure was above the national average of 30.9%. Also, because of several
economic and policy issues, heavy vehicles have the potential of becoming the main
beneficiaries of the automated guidance (Kanellakopoulos and Tomizuka, 1996). The

main reasons are

o On average, a truck travels six times the miles as compared to a passenger ve-
hicle. Possible reduction in the number of drivers will reduce the operating cost

substantially.

o Relative equipment cost for the automation of the heavy vehicles is far less than

the cost of automating the passenger vehicles.

o Automation of the heavy vehicles will have a significant impact on the overall
safety of the automated highway system. Trucking is a tedious job and the
automation will contribute positively to increased safety on highways.

Commercial trucks and buses will gain significant benefit from the AVCS, and may
actually get implemented earlier than the passenger vehicles. Various organizations
have been involved with automatic guidance of the trucks. Renault and the INRETS

in france are involved with the study of AHS application to freight transport in france



and associated issues at various levels (including socio-economic) (Blosseville et al.,
1995). In the United States, Ervin (199'2) tried to identify the domain of research of
IVCS which may be of interest to HV manufacturers . The Heavy Vehicle research in
PATH from the point of view of lateral guidance and longitudinal control (platooning)
has been active since 1993. In the project “Steering and Brake Control of Heavy
Vehicles’, a model of tractor-semitrailer was developed. Several control algorithms
based on linear and nonlinear control methodologies were developed (Chen, 1996). For
details on the accomplishments of this project, refer to MOU 242 final report (Chen,
1997). The work done in this project was mainly theoretical. Some scaled down
experiments were, however, done on the pontiac 6000 (Hingwe, 1996).

The success of the San-Diego Demondtration of the AHS by NAHSC provided an-
other thrust to emphasize the development of generated AHS technologies for heavy
vehicles. The current project “Latera Control of Commercial Heavy Vehicles’ is aimed
a experimental feasibility analysis of the lateral guidance for heavy vehicles. To this
end, a class 8 truck has been obtained from Freightliner for conducting closed loop stud-
ies. While the instrumentation of the experimental vehicle is in progress, the research
was continued in three related areas during 1996-97.

First, a linear analysis similar to the one done for passenger vehicles (Patwardhan et
al., 1997) was done for tractor-semitrailers. Even though advanced control algorithms
were studied for the lateral guidance of tractor-semitrailer models, the motivation for
the linear analysis came from the need to design a simple controller to be potentialy
implemented on the tractor-semitrailer as the first cut. The tractor-semitrailer dy-
namics are heavily dependent on the longitudinal speed, road adhesion and look ahead
distance. To quantify these dependencies, frequency domain, time domain and complex
analysis was done. Based on this analysis, a smple lead compensator has been designed
in the output feedback control system. Closed loop simulations were done with the
designed controller. The simulations show that the lateral displacement at CG and the
traller end meets the requirement of the maximum alowable lateral displacement.

Secondly, based on the linear model, off-tracking analysis for single unit as well

as tractor-semitrailer has also been accomplished. It is also shown that the dynamic



model of both the single unit heavy vehicle and a tractor-semitrailer has a kinematic
component embedded in it. As the longitudina velocity of the vehicle goes to zero,
the steering angle required by the dynamic model for negotiating a curve of constant
radius matches the angle required by the kinematic model.

Finadly, the modeling and anadysis of the heavy vehicles was another accomplish-
ment of the project. This part of the report presents a method of deriving both complex
simulation model and simplified control model for the general type of multi-unit Heavy
Duty Vehicle system. In the complex model, al the units are three dimesiona free body
and alowed trandational motion and three rotational motions except as contrained by
different types of hitching mechanisms. In the simple model, only the trandational mo-
tion and the yaw motions of each unit are considered. Considering the tasks of these
models, the scope of information expected from each model, range of dynamic charac-
teristics taken into account and the ease of derivations, we applied different methods to
derive each model. Newtonian method is applied to the derivation of complex mode.
All the constraint forces and constraint moments are aso obtained. In the derivation of
simple control model, we applied Newtonian method to the trandational motion of the
whole system and Lagrangian method to the yaw motion of each unit. In both cases,
the interal constraint forces do not appear explicitly in the dynamic equations thus
allowing an anaytica expressions of model equations to be used in controller design.

The organization of this report is as follows. The linear analysis for the tractor-
semitrailer is presented in section 2. Section 3 presents the off-tracking anaysis. The
derivation of the dynamics model of a general Heavy Duty vehicle is presented in section
4. The report is summarized in section 5.



2 Linear Analysis of Tractor Semitrailers*

2.1 Introduction

Automatic Highway System (AHS) technologies have attracted growing attention among
researchers throughout the world in the past several years. In contrast to light pas-
senger vehicles, less attention has been paid to control issues of commercial heavy
vehicles for AHS. For a comprehensive study of the automation in heavy vehicles,
readers is referred to Bishel( 1993), Chen( 1995), Favre(1995), Kanellakopoulos(1996),
Yanakiev( 1995), Zimmermann( 1994).

Two types of dynamic models are generally used in the study of latera control of
heavy-duty vehicles in AHS (Chen, 1995, Chen 1996). The complex simulation model
considers the lateral, yaw and roll motion and the smplified control design model con-
siders the latera and yaw motion only. Whereas the complex modd is significant for
studying characteristic like roll over (which is a dominant concern in heavy vehicles),
the controller design is usualy based on the simplified model. In Chen (1996) a non-
linear simplified model of tractor-semitrailer vehicle was derived and controllers based
on LQ and backstepping approaches were designed. The treatment of latera control of
tractor-semitrailer vehicle in Chen (1996) was largely nonlinear. In this section, a lin-
ear analysis of the tractor-semitrailer model motivated by Guldner (1997) is presented.
In Guldner (1997) it was shown that for a passenger vehicle, a successful design of the
lateral controller has to consider the system dynamics subject to variation of vehicle
speed, road adhesion and look-ahead distance. In this report, we present the time
domain, frequency domain and pole/zero analysis of the linearized tractor-semitrailer
vehicle model (based on the nonlinear steering control model derived in Chen (1996) to
examine the system dynamics along similar lines. Following the anaysis, a linear con-
troller is designed. The linear controller is simpler than nonlinear controllers studied
in Chen (1996) though its performance is limited. Because of simplicity, it becomes a
good candidate to be implemented in the experimental demonstration using an actual

tractor-semitrailer vehicle. It may also set a performance standard for the nonlinear

*Graduate Student Researcher Jeng-Yu Wang is the principle author of this section



controllers. The remainder of this report is organized as follows. In section 2.2 we
present the problem description that will include the derivation of the linearized model
for steering control and performance specifications. A detailed analysis of system dy-
namics with varying speed, road adhesion and look ahead distance will be generated
in section 2.3, which will be followed by linear controller design in section 2.4. The
close-loop simulation results will be shown in section 2.5. Conclusions will be presented

in section 5.

2.2 Lateral Control of Tractor-Semitrailer Vehicles

Lateral control of vehicles for AHS consists of lane following and lane changing maneu-
vers. Emphasis in this report is lane following based on linear control. The controller
must generate a desired steering action based on the tracking error signal obtained
by the road reference/sensing system, which consist of magnet buried in the road and
on-board magnetometers. Linearized model derived in section 2.2.1 is used through
out this study. The performance, robustness, ride comfort requirement and practical

constraints are described in section 2.2.2 and 2.2.3.

2.2.1 Linearized Vehicle Model

The simplified nonlinear control model for tractor-semitrailer vehicles with front whee

steer in Chen (1996) is based on the following assumptions:
o The roll motion is negligible.
o The longitudinal acceleration %, is small.

o The relative yaw angle ¢. of the tractor with respect to the road center line is

small.
o The relative yaw angle ¢; between the tractor and semitrailer is small.
o Tire dip angles of the left and the right wheedls are the same.

o Tire longitudinal and lateral forces are represented by the linearized tire mode



Based on these assumptions, the following simplified modd is obtained in Chen (1996)

M +C(q,§) + Di+ Kq = Fé; (1)
where
T

¢ (o) @)

is the generalized coordinate vector,

my + mp —mg(dy + d3 cosey) —madz coseg
M= —ma(dy + dscosey) I+ Iz2+m2(d% + dg) + 2madidacosey I+ mzdg + madids

—madg cos ey L2+ mad2 + madidacoses Iz + mad? (3)

is the inertia matrix,

(ml + m;)i‘ué1+mgdgsinsf(él+éf)2
C(q, q) = —m2(d1 + d3 COSEf):i‘uE'l - Tn2d3 Sinff?)uél - 2m2d1d3 sin Efél éf - mgdl d3 sin Efé%

—mads sineyyué; — mada cosesiyéy + madyds sin e,éf (4)

is the vector of the Coriolis and Centrifuga forces,

2 CQ!+CQ,- + Cat IICQJ_IQCa,-—(l3+d1)Ca¢ —lacou
D=—1 hCa; = 12Ca, ~ (s + d1)Ca, 13Cay + BCo, + (I3 + d1)?Cay  13(la + d1)C4, (5)
—13Cq, la(ls + d1)Ca, 2Ca,

is the damping matrix,

00 —2C,,
K=| ci02(s+ dy)Cha, (6)
00 23Cl,

s the potential matrix, and the vector F € R3*! s

F:QC%<1 I 0>T (7)

Parameters in the model are defined in Table (1). Notice that this simplified model is
nonlinear. The model can be further linearized by utilizing approximation cosey~ 1,

sin €5~ €; and neglecting the higher order terms: i.e.

my + mo —-mz(dl + d3) —mads
M ~ —Mma (dl -+ d3) I+ 19+ m2(d% + d%) + 2madyds IzZ‘f‘?’TLQd% + modyids

—mads Lo + mad} + madids L2+ mayd3 (8)



rSymboIsl Definitions (Simulation Value)

Yo lateral displacement of tractor center of gravity (C.G.)
with respect to unsprung mass coordinate
€1 yaw angle of the tractor w.r.t. inertia frame
€f relative yaw angle between the tractor and the semitrailer
l my l tractor mass (8440Kg)
mo semitrailer mass (23472Kg)

dl,dzl relative position between tractors C.G. to fifth wheel (3.06m,0.60m )

ds,dy | relative position between semitrailers C.G. to fifth wheel (4.20m,1.20m)
|1 tractor moment of inertia (65734.6 K gm?)
l,2 semitrailer moment of inertia ( 181565.5R’gm2)
[y distance between tractor C.G. and front wheel axle (2.59m)
Iy distance between tractor C.G. and rear wheel axle (3.29m)
l3 distance between joint (fifth wheel) and semitrailer wheel axle (9.65m)
Cay cornering stiffness of tractor front wheel (143330.0N/rad)
Car cornering stiffness of tractor rear wheel (143330.0 x4NV/rad)
Cat cornering stiffness of semitrailer rear wheel (80312.0 x 4N/rad)

Table 1: Nomenclature of the control model




(my + mg)iyé
C(g,q) = | —mao(di+ds)iués (9)

_m2d3:i'uél

(ml +m2)i‘u
= —mz(dl + d3)$u ( o1 0O )q (10)

—m2d3.’f$u

0 (ml +m2)iu 0

= 0 —mz(dl +d3)$u 0 q (11)
0 -—m2d3zfcu 0

Note that approximations are not required for other matrices, K, D, and F.

If we choose the state variables as

T
X=(yu €1 €f Yu € éf) (13)

, the linearized state-space equations becomes:

, 0 I 0
—X X + (14)
dt M=K —M~Y(D+Cy) M-'F

= A X + B,5; (15)

This representation will be need for analysis in the following section.

2.2.2 Performance Requirement

The total width of the heavy-duty vehicles including side-mirrors may vary within
2m~2.8m (AASHTO, 1995). US highway lanes have a width of 3.6m, leaving a worst-
case margin of 0.4m on each side for lane keeping error. Because of the Jacknifing
problem for heavy-duty vehicles, the worst lateral displacement from the road center
line whether in the front or tail of the truck should not exceed this value. Thus a max-

imum error of 0.2m appears reasonable. This error is further subdivided into nominal



operation and an extreme situations, which include significant simultaneous changes of
road adhesion p and concurrent strong braking/acceleration. Hence a nominal maxi-
mum error of O.Im and an extreme maximum error of 0.2m are used as performance
requirements in this study.

The time derivative of the acceleration, called jerk, effects the comfort level of
riders. A continuous steady state acceleration up to 0.3~0.4g can be comfortably
counteracted by humans. Also, accelerations in the 5-10 Hz frequency range can
excite the human’s internal body resonances. Excitation of these resonances makes
the rider uncomfortable. Hence the accelerations in this frequency range should be

attenuated.

2.2.3 Practical Constraints

A practica condgtraint relating to both the tracking performance and the rider comfort
is due to random inputs. Randomness may be introduced by system noise. So the
white sensor noise, no frequency above approximate 0.1~0.5 Hz should be amplified
extraordinarily in the path to lateral acceleration at sensor ijs. The road adhesion
i is assumed unknown within its range of uncertainty. The physical upper bound is
= 1 for dry road with a good surface and empirical data of various studies suggests
1~ 0.5 for wet (dippery) road. Hence a set of “norma” road is defined for this study
as 05 <u< 1 for wet and better road.

The steering actuator dynamics is another implementational design constrains.
Implementation without major constructional modification of currently used steering
mechanisms limits the available actuator bandwidth. The actuator bandwidth is also
subject to uncertainty due to variant operation conditions like temperature and com-
mand amplitude. Compared with a human driver (below 1Hz) and the car dynamics
(about 1Hz), the bandwidth limitations constitute a serious factor which may limit the
performance of the controller. With the above performance criteria in mind, analysis

of the tractor-semitrailer vehicle is presented in the next subsection.



2.3 Analysis of the Linearized Vehicle Model

In this section, we choose various linear analysis methods to examine the system (ve-
hicles) dynamics. These include time domain analysis, frequency domain anaysis and

pole-zero analysis. Based on these analysis, a linear controller will be designed.

2.3.1 Converting State Space to Transfer Functions

Recall equation (15) and consider the following decomposition :

A A
A = 1 | Az (16)
Az | Ao

and

By
B, = (17)
B,

where Ayy, Ar2, Az, Apare2x2,2x4,4x2, 4 x4 matrices respectively and By, Bs
are 2 x 1, 4 x 1 matrices. The state equation (15) can be divided into two subsystems:

€f
—d- Y = All Yu + A12 Yu + Bléf (18)
dt g € €
0
€f
€5 €f
d | Yu Yu Yu
rrd = An toa2 | + Bady (19)
€1 €] €1
€f €f
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Further, because the first two columns of K are zeros, Aii = 02%2 and Ay, = 0%*Z.

This implies
ef €r
-Ei— Yu s A22 Yu +B2(Sf
dt & é
éf €f
Az(1) €f By (1)
Agq(2 u By (2
_ 22(2) Y n 2(2) 5
A22(3) €1 B2(3)
A22(4) €f Bg (4)

Therefore, the transfer function from & to 4§, is

Vi(s) = A22(2)(s] — Az2)™' By + Ba(2)
If we define

G = (i 0 1 0 )
the transfer function from é;to €; can be obtained as follows :
Wi(s) = Ci(sI — Ag)™'By

And the transfer function from é; to €i is

W (s)= A2(3)(s] ~ Az) ™' By + Ba(3)
Note

VCG = j:uiu + yuju

= acg = (mu - yuél)iu + (yu + i’uél)ju

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

where i, and j, are unsprung mass coordinates which have same orientation as the

tractor. Therefore, the lateral acceleration at CG is
gCG = yu + j’uél

11
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Denoting 2, aswv, the transfer function from &y to jcg is obtained as :
Vea(s) = Vauls) + oWi(s) (29)
If we consider the sensor location which is dS ahead of CG, the velocity vs is given by

Vs = xuiu + (yu + dsél)ju (30)

= as = (8, — Jué ~ dsé%)iu + (e + &€ + dsér)ju (31)
so0 the latera acceleration at sensor is given by

YS - gu + :i'uél + dsgl (32)

yCG + ds.f.l (33)

In equation (33), the lateral acceleration ij; comprises lateral acceleration at CG and
yaw acceleration €, scaled by look-ahead distance d,. The transfer function from 4, to

ijs 1S thus

Vi(s) = Vog(s) + dsW(s) (34)

2.3.2 Time Domain Analysis

Based on the transfer functions shown in section 2.3.1, a set of illustrative step responses
using steering input of é; = 0.01 rad with zero initial conditions is shown in Fig. 1.
Note that the actuator dynamics have not been included. The upper two plots show the
dependency of the lateral acceleration o (t) on speed v and road adhesion u. As we
can see, the initial lateral acceleration a CG (iicg(0)) is speed independent but varies
linearly in road adhesion p. The steady-state lateral acceleration at CG (jcg(o0)) is
both speed and p dependent. At low speeds (v <12m/s), the initial lateral acceleration
at CG is larger than the steady state lateral acceleration, which features a transient
without overshoot and oscillation. On the other hand, for high speeds (v >12m/s), the
initial lateral acceleration at CG is smaller than the steady state lateral acceleration
and the transient is subject to increasing overshoot and oscillatory behavior. The lower

two plots depict the dependency of yaw rate é,(¢) on speed and road adhesion. Note
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steady state yaw rate ¢;(o0) increases significantly from v=10m/s to v=20m/s but
only dightly from there on for higher speeds. However it depends almost linearly on
road adhesion u. Also, for increasing speed and degrading road quality, yaw rate step

response tends to overshoot and oscillate, even more than lateral acceleration.

2.3.3 Frequency Domain Analysis

In this section, we continue the analysis but using bode diagram (frequency domain
analysis). Fig. 2 shows the bode diagrams of the lateral vehicle dynamics Ve (s) in
equation (29). The left diagram illustrates the dependency of Vi (s) on driving speed
v for the range 10m/s to 40m/s on a dry road with good surface p = 1. Note the
lateral acceleration transfer function Vog(s) have notch characteristics with a distinct
natural mode around 0.1~2Hz. At low speed, the steady-state gain Vg (0) is less
than high frequency gain Ve (oo). The overall gain increase from V&(O)  to Vg (o)
for v<12m/s provides phase lead in the range of the natural mode and leads to
the step response with initial values jicg(0) exceeding steady-state ijicg(oo) (Recal
Fig. 1). For increasing speed, the steady state gain Vog(0) increases strongly with
speed v while high frequency gain Veg(oo) remains constant. Increasing v higher than
12m/s, the gain drop from Veog(0) to Vog(oo) results in significant phase lag in the
range of 0.01~2Hz. Also note at high speed, the natural modes is accompanied by
a gain “undershoot” around 0.5~3Hz (even double for higher speed). This hints a
dominant and poorly damped zero-pair. The right diagram depicts variation of road
adhesion from wet road x4 = 0.5 to dry and good road p= 1.0 at speed v=40m/s.
Note decreasing p decreases the gain |Vog(jw) |[for al frequencies (which is visible in
the step response in Fig. 1 (upper right plot)) and also decreases the frequency of the
natural mode.

A set of bode diagrams for yaw acceleration transfer function W(s) in equation
(25) is shown in Fig. 3. Compared with Vo (s), yaw acceleration has differentiating
characteristics at low frequency with associated phase lead up to corner freguency
w,. The gain in the low frequency region depends linearly on speed v, whereas the

high frequency gain is speed independent (left upper plot). The natural mode is less
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markable in W (s) than Vg(s), hinting that the zero-pair in lateral acceleration rather
than the pole-pair causes the gain undershoot in the 0.5~3Hz rigion of Voa(s) because
W(s) and Vgi(s) share the same denominator.

If viewed at sensor location S, the lateral vehicle acceleration has an embedded
additional yaw acceleration component (recall equation (34)). Figure 4 shows the bode
diagrams for the lateral acceleration at sensor V;(s) for varying speed v and look-ahead
distance d;. Note V,(s) is linear combination of Vog(s) and W(s) (equation (34)). In
the low frequency region, the magnitude of V& (S) exceeds that of W(s), which leads
to dominance of Ve in Vi(s). That explains the similar low frequency gain of Vi(s)
(The left diagram) and of Vpg. The steady-state gain, Vi(0) is strongly dependent on
speed v while the high frequency gain V;(oo) is velocity independent. Although the
high frequency gain V,(oo) is velocity independent, it varies linearly with look-ahead
distance d; (The right diagram). Phase lag in the range of 0.01~1Hz increases for
increasing speed with fixed d; = 2m. Conversely, increasing d, will decrease phase
lag and eventually provide phase lead even at high speed. The phase lag around the

natura mode has significant conseguence for control design.

2.3.4 Pole-Zero Analysis

The pole-zero analysis of the vehicle dynamics Vog(s) reveals the controller design
from a different point of view. The frequency domain anaysis in the previous section
indicated the gain “undershoot” for 0.5~3Hz hints a dominant and poorly damped
zero-pair. This can be studied in more detail in Fig. 5. Increasing speed v, we can
see both the poles (the right plot) and zeros (the left plot) approach the imaginary
axis, leading to respective poor damping, with the zeros having less damping than the
associated pole-pair.

Figure 6 shows pole and zero location of Viq(s) for variation of road adhesion u. As
decreasing p, poles and zeros further approach the imaginary axis in a uniform manner.
This results even lower damping of both the pole-pairs and zero-pairs. It coincides
with that to control orientation of the car in dip road is difficult. The description of

damping associated with the zero and pole pairs of Veg(s) is emphasized in Fig. 7.
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Damping D, of the pole-pairs (upper two plots) is contrasted with damping D). of the
zero-pairs (lower two plots). Apparently, the zero-pair damping D, is smaller than the
pole-pair damping D, . The zero-pair damping D, decreases sharply with increasing
speed to value as low as 0.4 for v=20m/s and further to 0.23 for v =40m/s on
any road surface. Damping of the poles, on the other hand, drops steadily with speed
v. Deteriorating road adhesion wu further decreases D, for any speed. Note in a close
loop system, the pole-pair is inevitably attracted to the zero-pair which leads to even
more poor damping. Since these poles dominate other vehicle transfer function (like
Vs(s) and vehicle yaw rate Wi(s)), poor comfort results. However, damping associated
with the zero-pairs of the lateral acceleration transfer function V, at sensor location
S increases with look-ahead distance ds. Figure 8 shows an example at high speed
v=30m/s on a good road. The damping increases dramatically with increases of d; up
to about 8m. For even larger ds, the further damping increase is less significant. As
we can see, the poor damping of zero-pairs of V, for look-down reference system is one

of the major obstacles towards automatic steering control.

2.4 Controller Design

This subsection is devoted to the investigation of a possible PID controller design. The
block diagram in Fig. 9 shows the double integrator is to be controlled via the lateral
acceleration jjs, based on displacement measurement Ay,, and with input §..,. The
open loop characteristic G(s), obtained by combining controller C(s) and vehicle lateral

acceleration Vi(s) (here again, the actuator dynamics are neglected) is written as
G(s) = C(s)Vs(s) (35)

and constitutes the “control” for the “plant”($). The closed loop input-output rela-

tionship between road curvature p,.; and lateral displacement Ay;is:

v?

2+ G(s) (36)
H(s)pres (37)

Instead of isolated design of the controller C(s), the vehicle dynamic V(s) is now

Ays =

included in the design of G(s) to control the double integer. Here we use the dual-role
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concept in Guldner (1997). First, an appropriate G(s) is designed, taking in account all
practical requirements and constraints on closed-loop H(s). Then G(s) is realized via
concurrent design of vehicle dynamics V;(s) and controller C(s). In the second step,
V,(s) and C(s) play complementary roles and may be regarded dual to each other.
The combined “controller” G(s) should be designed for closed-loop H(s) to fulfill the
performance requirement discussed in subsection 2.2.2, in particular with respect to
maximum lateral displacement, damping for ride comfort, and robustness with respect
to road adhesion p. Furthermore, controller roll-off to prevent excitation of actuator
dynamics is required.

Note that there exists several constraints to the design of the controller. First, the
controller C(s) should avoid excessive phase lead in the vicinity of actuator dynamics
since this could cause the actuator to saturate, with consequent harmful and possibly
unstable limit cycles. Second, higher controller gain at high frequencies are extremely
undesirable because it amplifies the noise in measurement Ay,, leading to poor comfort
and aso to high wear of mechanical parts in the steering mechanism. Third, the phase
lead region of the controller has to sustain for a significant frequency range since the
nature mode changes with variation of g. And this will deprive the necessary room for
designing a robust controller C(s).

The double integrator has to be stabilized by G(s)via lead compensator with ap-
proximately 50" phase lead at cross-over for appropriate damping. The simplest lin-
ear solution is a PIDT structure for G(s). The proportional gain P is the essential
part to meet the design requirement. The integral I-term might be necessary to meet
steady-state requirement but should not introduce excessive phase lag in the vicinity
of cross-over. The differential term D is a lead compensator to provide sufficient phase
margin. And T is the low-pass filter for roll-off. In addition to vehicle dynamics V;(s),
controller C(s) may aso provide phase lead for stabilization. The interchangeability of

the roles of V;(s) and C(s)in G(s) is discussed in two cases:

o Case A: Choose look-ahead distance d; such that V;(s) contributes sufficient phase
lead of G(s) for the range 0.5 < < 1. Then C(s) is chosen with P-type to match
the phase lead region of V;(s) with the cross-over region for the plant.
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o Case B: Look-ahead distance d; is chosen such that V,(S) contributes no or lit-
tle overall phase lag/lead to G(s) and is approximately P-type transfer function
for the range 0.5 <u< 1. C(9) is then chosen with a lead compensator to
provide sufficient phase lead to G(s) for stabilization of (1/s%), according to the

performance requirements.

Intermediate solutions can include sharing phase lead regquirements between V,(s) and
C(s).

Case A using “natural” phase lead in Vi (s) by appropriate selection of d offers
straight forward control design at the price of a pre-determined cross-over freguency
and hence pre-determined system bandwidth and also generdly leads to a higher noise
level in the lateral displacement measurement Ay,. Only two control parameters, d,
and P-gain, have to be selected for robustness with respect to the range 0.5 <u <1,
possibly gain scheduled with velocity ». Case B, on the other hand, provides flexibility
in choosing cross-over, but requires more involved higher order control design which
may require excessive actuator bandwidth.

For studying the respective merits of the different approaches, see the bode dia-
gram in Fig. 10. The left diagram (case A) shows an example for v=40m/s,ds;= 16m
(resulting in a minimum phase lead of 30°),u; = 1 (solid line), u; = 0.5 (dashed
ling), with P-control C(s)=0.08. Inherent “amost” satisfaction of performance and ro-
bustness requirement are attributed to the steering designed to accommodate human
driving behavior. In fact it can be argued that case A resembles the steering charac-
teristics of a concentrated human driver. The right diagram (case B) shows similar
Situation as above with d;=8m and C(s) = 0.0s%where C(9) is a lead compen-
sator providing 50° to 60° phase lead consistently over the necessary frequency range.
The above analysis points out the crucia trade-off in automatic steering control design
(large look-ahead with large measurement error or look-down system with higher order

controller design).
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2.5 Simulation Results

In this subsection, we choose case B as our designed controller. the simulation scenario
is shown in Fig. 11. The tractor-semitrailer vehicle travels along a straight roadway
with zero initial displacement and enters a curved section with a radius of curvature of
800m at time t=5sec and leave at t=12 sec. The closed-loop response, shown in Fig.
12, is of using the lead compensator C(s) = 0.08%%:%&.The solid line shows test
constant velocity 28m/s which is maximum alowed speed in the Highway. The dashed
line is test for low speed 10m/s. Apparently the low test speed has smooth steering
angle, less lateral displacement at sensor and CG, but comparatively larger lateral
displacement at the trailer end than at high speed. Also at low speed the response
shows that the yaw angle relative to the road is larger. Now increase the gain of the
controller to 0.2. The closed-loop response is shown in Fig. 13. Note there are some
fluctuation of steering angle when the vehicle enters and leaves the curve road. The
lateral displacement at CG and sensor are proportionally decreased while it doesn't

change much of the latera displacement of the trailer and the relative yaw angle. The

articulation angle are almost the same as the one using lower gain controller.
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Fig. 2: Bode plot for lateral acceleration dynamics Vca(s) for varying
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Bode plat for Vs(s) (10xA0 mis, u=1, ds=2m) Bode plot for V&(s) (Omkdis<10m ue=t, v 0nTs)

Fig. 4: Bode plot for lateral acceleration dynamics Vs(s) for varying speed v
and look-ahead distance ds.
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Fig. 9: Block diagram of an output feedback steering control system
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3 Off-tracking in Single Unit Heavy Vehicles

and Tractor Semitrailers:

3.1 Introduction

Off-tracking is the maximal difference in the trace of the vehicle wheels measured from
the center of the turning radius. Off-tracking of articulated and single unit vehicles with
long whedl bases have been studied for a long time. Society for Automotive Engineers
(SAE) was the first to standardize the off-tracking formula (SAE Handbook, 1964).
Western Highway Institute (WHI) presented new formulae for computing off-tracking
and were adopted as an industry standard (WHI report, 1970). Much of this anaysis
was kinematic or empirical. However, off-tracking analysis from the dynamic model of
the vehicles was first presented by Bernard and Vanderploeg (1984). In this report,
the off-tracking is analyzed along similar lines. The dynamic modd of the single unit
derived in Hingwe and Tomizuka (1997) is used for off-tracking in single unit vehicles
with long whedl base. Also, the dynamic model derived in Chen (1996) is used to derive
the off-tracking in tractor-semitrailer vehicles. First, the dynamical equations of the
linearized (simplified) model are presented. Then, a steady state constraint is imposed
on this model. The reative yaw between the vehicle and the road given by imposing
this constraint gives the value of off-tracking.

The rest of the report is derived in two subsections. In the first subsection the
dynamic model and the steady state analysis for a single unit vehicle is presented. In

the second subsection, the results are extended to tractor semitrailers.

tGraduate Student Researcher Pushkar Hingwe is the principle author of this section.
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3.2 Dynamic Model of Single Unit Vehicles

The dynamical equations of the single unit vehicle are given by
$1(ds — 1) + ¢2(ds + 12)

2

jjs = —«ﬂ'—%—jn—)ys + (¢1 + ¢2)€r +

x
Iy ~ ¢yly — &2,
+ 22 ? i+ 15 (38)
o _ _2hCey~1Ca)) _ 2Ca; = 1Cor)
Iz I,
2(Caf(112 _ llds) M Car(hz + lzds)) - 2(Cafl% + Carl%) .
IZ.’i‘ Er sz €d
20, .1
o (39)

where

ys = distance of the front end of the vehicle from the center of gravity (see Fig.14).
¢, = the relative orientation of the vehicle with respect to the road.

&= Component of the velocity of the center of mass along the longitudinal principle
axis mf/s,

/1= Longitudinal distance of the front axle from the center of gravity in m,

lo= Longitudina distance of the rear axle from the center of gravity in m,

6 = steering angle in rad.

Ca, = Cornering stiffness of the rear tires in K N/rad,

Co,= Cornering diffness of the front tires in K N/rad and

$1 = 2Ca, (& + ),

¢2 = 2C,, (& - bl%a)

The pictorial representation of this model is shown in Fig. 14.

3.3 Steady operation on a curve

In this section, the steady state steering angle when the vehicle is on a curve of curvature

p is examined. In the steady state on a curve,
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Velocit:
of CG

Figure 14: Geometric parameters of the bicycle model

Applying these to equations (38) and (39), we get

Iy — p1ly — 22
(¢1+p2)er + i ¢; S €1+ ¢16=0 (40)
(Cayli — 15C,) C’af(l% L 2C,) 1Ca,
— 6=0
I, €r .5 €d + I, (41)

Furthermore, it is assumed that é¢;=42p. This assumption reduces equations (40) and

(41) to
(61+ o)er o (dala — prl1 — 8%)p + ¢16 - o (42)
Co.li1 — 1LC, Cy.l?2 | 12C, + 1Cy
( fl[2 r)Lr_( f112 r)p 1] f(s:() (43)

For sufficiently small longitudinal velocity,

32 << |pola — 1l

Therefore, the term @2p in equation (42) can be neglected. Solving (42) and (43) for &
and €., we get the steady state value of § (given by d) and €. (given by &) as

S = (ll + lg)p

and



If # is not assumed small, the solving equations (42) and (43) for ¢ and ¢, gives the

steady state value of &,(8) and ¢, (&) as
m(Cafll - lZCar)ig
CorCor i+ 1) *

§= (i +1)p- (45)

and

m ll .9
& = —lgpt o —
¢ 2P Car (ll + 12)7) P

It can be seen that the steady state steering angle given by simplified dynamic model is

(46)

a perturbation on the kinematic steering angle. It is interesting to note that as = — 0,
the steady state steering angle and the relative yaw reduce to the kinematic value.
Therefore it can be said that the dynamic model is a perturbation on the kinematic
model. In a kinematic model, if the vehicle is to follow any planar trgectory, then the
steering angle required to follow that trajectory is given by the wheel-base, (I; + {2),
and the instantaneous curvature, p, at the point of interest. In a kinematic model,
there are no transients. It is therefore sufficient to compare the dynamic and the
kinematic model in steady state to conclude that the kinematic model is embedded
in the dynamic model. This has important implication towards the control design.
Controllers designed on the dynamic model of the vehicle are therefore valid for all
range of the longitudinal velocities. This eliminates the need to design “kinematic
controllers’ at low speeds. Depending on the value of the term m%%%ﬁ in (45)
as compared to (I; +12), the dynamic component of the steering may be smal or large
compared to the kinematic component. In practice, for speeds less than highway speeds,
the kinematic component is dominant. If a controller designed on the kinematic model
is robust to the dynamic perturbation, then the controller will work for longitudinal
velocities which are large.

Another usefulness of this analysis is its application in the calculation of offtracking.
The relative yaw angle given by equation (44) can be directly used for this purpose.

Off-tracking 0, using equation (44) is given as
0 = 6(11 + 12) (47)

For typical values of the parameters in equation (46) (see Table 2) and for the right

curve of 800 m radius, Fig. 15 shows the extent of off tracking expected. For velocities
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Figure 15: Offtracking value for a typical single unit heavy vehicle

higher than 20 m/s, the offtracking is greater than .5 meters for C,, = 400, 000N /rad.
Caution, however, has to be applied while judging this numerica value because it is
dependent on the cornering stiffness. For vehicles with more number of tires at the

rear axle, the effective cornering stiffness will increase, decreasing the offtracking as

shown in Fig. 15
Similar results hold true for the tractor-semitrailer as well. In the next section, the

steady state operation of a tractor semi-trailer is examined.

3.4 Dynamic Model of a Tractor-semitrailer

The dynamica equations in this section are borrowed from Chen (1997). Simplifying
assumptions are stated in Chen (1997, pp. 146). Under these assumptions, the model

is given by
Mﬁr-l-‘l’(qﬁfir, €d, éd) =F$
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Parameter symbol Description Value
m Mass of the sprung mass 15,000 kg
[y distance between the front wheel
and the center of gravity of the sprung mass 39m
I, distance between the rear wheel
and the center of gravity of the sprung mass 26 m
C o Cornering stiffness of the rear tires 400,000 to 1200,000N/rad
P Curvature of the curve described by the
center of gravity of the vehicle 1/800 1/m

Table 2: Parameters of a commercial bus

where ¢. = [y, €, ff]T gives the states of the system, F = Caf[l,ll,O}T,

my + mo —-mz(dl + d3) —m2d3
M= —m2(d1 + d3) Li+ 12+ mz(d% + d%) + 2madids L2 + T)’Qd%
—mads Ly + mad3 + madyds Ly + mad}

2 . . .
(I)l = 5((Caf+car + Cat)(i/,«—él?rfr) + (llcaf —“l2Car“(li3 + dl)Cat)(er + ed)

— 2Cq€f + mad3z sin €; (i,. + ég + éf)2 + (my + ma)&éq — ma(dy + d3 cos €f)€q
2
z

+ (§Cay + B3Ca, + (I3 + d1)*Ca,) (& + a)

@y = ~((LCay — 12Ca, — (I3 + d1)Cla,) (Yr — Erér)
+ l3(l3 + d1)Caéy) + 2(ls + d1)Carer — mads sin €5 (gr — &6, ) (€ + €q)
— 2madyds SN €5 (ér + éa)éf — madids sin €4¢7 —ma(dy+ ds cos €5)déq
+(Ta+ 12+ de% + m2d§ + 2madyds cos €f)€q

Bs - 2(~lsCay (e = #6) +lall + d1)Cne(ér + i) + BCardy)
+ modssin €4 (é, + éd)2 + 2l3C s, €5 —madasin e (P — e, ) ((€ + id)

— mads cos €;iéq + (L2 + mad} +madids cos €f)éa (48)
Various states and parameters associated with the tractor-semitrailer model are given
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. ,;\’gr\ Tractor orientation

Figure 16: States and geometric parameters of the tractor-semitrailer model

in Fig.16. m; and m, are the mass of the tractor and the mass of semitrailer re-
spectively. I,; and I, are the moments of inertia of the tractor and the semitrailer
respectively. Ca,,Ca, and Cy, are the cornering stiffnesses of the front tires of the
tractor, rear tires of the tractor and tires of the trailer respectively. The steady state

behavior of this modd on a curve of curvature p is now examined.

3.5 Steady operation on a curve

Insteady state on a curve of curvature p, ¥, = 0, €, =0, éf = 0 and ég R T,p = Tp.
After neglecting higher order terms involving the relative yaw and the square of the

road yaw rate, the smplified dynamic model a steady state on a curve is given by

(Ca; + Ca, + Cay) Ca, 1 Clq, €r
(l1Ca, —1,Cq, = (I3 + d1)Cq,) —(I3 + d1)Ca, hCl, ¢f
ISCat I3Cat 0 (S

(hCay = 15Ca, —(ls + di)Ca,)p + (m1 + ma)d?p
= (BCay + 1Ca, + (I3 + d1)*Ca)p — ma(dy + d3)d%p (49)

| ~l3(l3 + d1)Ca,p + madsi®p |

The solution to the equation (49) gives the steady state values of €,,€ef and 6. Let
these be represented by ., € and & respectively. After some agebra, we get

1

s - .92

€. = — —_— T 50
€r 12P+ Car (ll N 12) p ( )
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Figure 17. Relative yaw of the tractor and the semitrailer

as the steady steady-state yaw of the tractor relative to the road. The relative yaw of
the trailer with respect to the road is given by €.+ ¢f. The steady state value of the

yaw of the trailer relative to the road is given by

mq dsz
&+ =—(ls+di)p+ él_zﬂ?Qp (51)

For parameter values of tractor semitrailer given Table 1, Fig. 17 shows the relative yaw
of the tractor and the trailer with respective to the road. The curve has a positiveradius
of 800 m, i.e, ¢4 is positive for positive longitudinal velocity z. Note that for smal
velocities, the tractor and trailer are inside the curve. For high velocities, however, the
tractor and the trailer get flung towards the outside.

The second part of the steady state analysis is the steering angle. The steering

angle necessary to achieve steady state on the curve is given by

3 = (ll + lz)p
Ca,.l2 - Cafll
m
+ ' Ca,Ca, (1 + l2)

v (ls=d3) [Ca, (di + I5) = Cay (i=di)|
ma Top
13 l_ Carcaf (ll + l2)

i2p

(52)
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From (52), it can be seen that the steering angle required for negotiating a curve of
curvature pis a sum of a kinematic component (({y + {3)p) and a dynamic component
(the coefficient of 22 in (52)). It is interesting that the kinematic component of the
steady state steering angle required by a tractor-semitrailer is the same as the kine-
matic component of the steady state steering angle required by a single unit vehicle.

Moreover, the dynamic perturbation of the steering angle has two separate compo-
Ca,la~Caly

nents. The term m; m
and is the same as the dynamic component of the steady state steering angle of a single
Cor (dy+l2)—Ca,(li—d)] .o .
(C:Cz’i,(hi;le 1)] &2p is dependent only

on the trailer mass and on the tractor and the trailer parameters. The relative yaw of

#2p is a function of the parameters of the tractor

unit vehicle. The second term mg (’3;'3d3) [

the trailer is similarly dependent only on the trailer parameters. Another interesting
observation is that the steady state relative yaw of the tractor given by (50) is the
same as that of a single unit vehicle. It is not influenced by the presence of the trailer.
As in the case of single unit vehicles, in the limit £ — 0, the steering angle and the
relative yaw angles of the tractor and the semitrailer approach the kinematic values.

Off-tracking analysis of the tractor semitrailer utilizes (50) and (51). The off-
tracking, O, is given by

O_alhsd)s (& + )l (53)

In Fig. 19, this value corresponds to Oy + 0,. It is clear that for long vehicles, this
does not give the difference betwen the inner tire trace and the outer tire trace. In
such cases the offtracking is given by Qs+ @Q,. Because the road geometry is known,
this value is computable. The offtracking values for the vehicle parameters given in

Chen (1996) are shown in Fig.18

3.6 Summary

In the limit £ — 0O, the steady state value of the steering angle is exactly the same as
given by a kinematic model of the vehicle. Thus, we can conclude that the behavior of
the dynamica model approaches the kinematic model in the limit ¢ — 0. It is, then, of

interest to treat the dynamical model as a perturbation on the kinematic model. The
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Figure 18: Offtracking value for a tractor semitrailer

Figure 19: Offtracking scenario for a tractor semitrailer
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stability of control algorithms that are designed for a kinematic model can then be
verified for robustness to such perturbations. Alternately, the expressions for steady
state relative yaw and the steering angle of a single-unit vehicle can be utilized to
compensate the steering angle given by a kinematic design for the perturbations due
to dynamical terms. Similar conclusion can be made from the analysis of the steady
state behavior of the dynamical model of tractor-semitrailer. What is interesting to
note is that the tractor's yaw relative to the road is the same as the relative yaw of
a single unit vehicle. The steering angle required by the truck-semitrailer differs from
the steering angle required by the single-unit vehicle by a term dependent on the mass
of the trailer.

The control implications of the steady state results of this report are

e The yaw eror E,. is not zero in general while negotiating a curve. Therefore, it

will be unredlistic for the controller to demand that the yaw error go to zero.

« Significant portion of the steering effort is kinematic and this term is independent

of the cornering stiffness or the vehicle velocity.

o Non zero yaw error is the source of steady state off-tracking. The expressions

derived in this report can be used to compensate for the off-tracking.
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4 Dynamic Modeling of Multi-Unit Heavy Ve-
hicle'

4.1 Introduction

A commercial heavy duty vehicle combination (road train) is defined as a tractor
unit and an arbitrary number of trailers. The most commonly used types of trains
are: tractor-semitrailer (two unit), truck-trailer (three units) and tractor-semitrailer-
semitrailer (doubles, four units). Economic considerations result in a very wide ap-
plication of articulated vehicles currently. Considering the ever increasing density of
highway traffic and the relatively high average transport velocities, the safety of com-
mercial vehicle combinations should be considered an important subject.

A good deal of the safety of road vehicles depends on their dynamic performance.
Vehicle dynamic performance has been investigated taking into consideration the fol-
lowing features: directional performance (Bernard, 1971), roll dynamics (Dugoff et d.,
1967, Ervin et al., 1979, Gillespie et a., 1978, Kemp et a., 1978), braking performance
and combined directional and braking performance (Adams et al., 1977, Ellis et al.
1976, Lam et a. 1979, North et al., 1967). Some experimental results (Eshleman et
a. 1973, Genbom et d., 1977, Winkeler et al., 1978) are aso reported.

The lateral dynamics of road trains is more involved than single unit vehicles be-
cause of the increased number of interacting units. The resulting mathematica model,
simulations and experiments are more complex. For example, road trains exhibit fea
tures such as jackknifing (Keller, 1973, Walsh et a., 1973, Susemihl et a. 1974, Mikul-
cik, 1968), trailer swing and trailer lateral oscillation (Segel, 1958) that are not part
of the dynamics of single unit. At high vehicle velocity, articulated vehicles tend to
have pronounced yaw causing large amplitudes of trailer oscillations. The truck-trailer
combination is more prone to lateral oscillations than is the tractor-semitrailer units.

There are mainly two types of dynamic models associated with Heavy Duty Vehicle
(HDV) that appear. Mikulcik (1968), using Newtonian mechanics, derived the most

t Graduate student researcher Meihua Tai is the principle author of this section.
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complete complex model for tractor-semitrailer. In his model, the tractor and semi-
trailer are three dimensional objects and both are alowed to trandate, pitch, yaw and
roll except as constrained by a fifth-wheel type hitch. A linear model is then derived un-
der small angle assumptions on roll, pitch and yaw motions. On the other hand, Chen
(1996), used Lagrangian mechanics to derive a five degree of freedom (translational
motion, yaw motions of the tractor and semitrailer, and roll motion of the tractor)
complex model for the tractor-semitrailer. The use of Lagrangian method eliminated
al holonomic constraint forces between tractor and semitrailer. Furthermore, a linear
and nonlinear simplified model is derived by ignoring the tractor roll dynamics and
assuming a constant longitudinal velocity.

Recently, X. Tong, B. Tabarrok and M. El-Gindy (1995) derived a computer sim-
ulation model for different axel configurations of Canadian logging trucks (tractor-
semitrailer type) taking into account the effect of different hitching methods between
the leading unit and the trailing unit. The model not only considered the pitch and
roll motions of the sprung mass but aso the roll and bounce motions of the unsprung
mass (wheels and axels). Subhash Rakheha, et al., (1995) studied the infulence of
articulation damping on the yaw and lateral dynamics of tractor-semitrailer. A kine-
matics analysis of the dampers, mounted externally to the articulation mechanisim
is performed to derive the lateral damping forces and yaw damping moments acting
on the sprung masses. The equations of motion of a tractor-semitrailer model are
incorporated with the nonlinear force characteristics of tyres and articulation damper.

Most of the literature in anaytical modeling of the road trains has addressed two
units vehicles only. Therefore, the development of the dynamic model of a general
multi-unit road train becomes important. This part of the report presents a method
of deriving complex simulation mode and simplified control model of a general class
of multi-unit HDV system. In the complex model, all units are three dimensional
free bodies and are allowed to have translational motions and three rotational mo-
tions except as constrained by different types of hitching mechanisms. In the simple
model, only the trandational motion and the yaw motions of each unit are considered.

Considering the roles of these models, the scope of information expected from each
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model, the range of dynamic characteristics taken into account and the relative ease of
derivation, we apply different methods to derive part or all of the dynamic equations of
each modd. A method employing Newtonian mechanics is applied to the derivation of
the complex moddl. All of the constraint forces and constraint moments are obtained.
In the derivation of the simplified control model, we apply the Newtonian method to
the translational motion of the whole system and the Lagrangian method to the yaw
motion of each unit. In both cases, internal constraint forces do not appear in the
dynamic equations. The analytical expression of the model thus obtained is directly

useful for control design.

4.2 Nomenclature

Note: Superscript of the capital letter means the index of the unit; superscript of the
lower case letter indicates the power of the quantity; the index of the lower case letter

is shown in subscript

4.2.1 Vehicle Parameters

Vehicle parameters used in this report are defined below. For further clarification, see
Fig. 20

M;: Mass of the i** unit

I, I, I\, . Inertia tensor components of the 7 unit

l¢;: Distance from the center of gravity of the it* unit to the front wheel of the #t* unit;
if there is no front wheel, then set to zero

{.;: Distance from the center of gravity to the rear whee

dy;: Distance from the center of gravity to the front joint; for ¢ = O (tractor), set to
zero

d.;: Distance from the center of gravity to the rear joint; for i= /N (the last unit), set
to zero

Z;'g: Height of the center of gravity from ground

Z}: Height of the front suspension from ground

Zi: Height of the rear suspension from ground
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C%: Height of the front articulation joint from ground
Ct: Height of the rear articulation joint from ground
T;,;: Front wheel width
Ti : Rear wheel width
pit Longitudinal coordinate of the i** unit pitch center from the center of gravity of
the it* unit
r:: Vertical coordinate of the i* unit roll center from the center of gravity of the *"
unit
N}:, Number of wheels in each side of the front axle
N}: Number of wheels in each side of the rear axle
K14, K24, D1%, D2y, LIM}: Front suspension coefficients
K1:, K2, D1%, D2 LIM}: Rear suspension coefficients
It Front wheel inertia
I},.: Rear wheel inertia
R: ;: Front wheel radius
R!,: Rear whed radius
K;'f,Kj,,: Front and rear wheel vertical iffness coefficients
MD’,GDZ,SN4O}: Front whed and road interaction coefficients
MDi,GD:,SN40.: Rear wheel and road interaction coefficients

¢4 Chy Front and rear wheel cornering stiffness

<, Cl.: Front and rear wheel longitudina stiffness
a;¢: Front wheel dip angle
a, Rear whed dip angle
Aig: Front wheel dlip ratio
Air: Rear wheel dip ratio
K;W: Spring coefficient of the fifth wheel connection between the (i —1)** unit and
the % unit
Di,,: Damping coefficient of the fifth wheel connection between the (i —1)% unit and
the i** unit

Claw: Coulomb friction coefficient of the fifth whed connection between the (i —1)%
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Figure 20: Typical Heavy Duty Vehicle Configuration

th ynit

unit and the

4.2.2 Kinematic Quantities

T1—2: Transformation matrix from coordinate system 1 to coordinate system 2

#;: Roll angle of the i** unit about the z axis of its sprung mass coordinate system(S;-
frame)

9;: Pitch angle of the i** unit about the y axis of its sprung mass coordinate system
¢;: Yaw angle of the it* unit about the z axis of its unsprung mass coordinate system (U;-
frame)

fy:: Pitch angle of the it* unit about the y axis of its previous unit sprung mass coor-
dinate system (S;—;-frame), it is an actua pitch motion of the fifth wheel connecting
the i** unit to the (i —1)** unit

$i,0;,,0,:: RolXate, pitch rate, yaw rate and actual pitch rate

i, 0;,€;,0,; - Accel erations of roll, pitch, yaw and actual pitch motions

ve: Tractor unsprung mass longitudina velocity in Uj-frame

Uz: Time derivative of v,

vyt Tractor unsprung mass lateral velocity in Uj-frame

vy: Time derivative of v,

Ty, Yn: Tractor unsprung mass displacements in the = and y direction of the fixed in-

47



ertial coordinate system(n-frame)

Tn, Un: Tractor unsprung mass velocities in the z and y direction of the fixed inertial
coordinate system

Z,,Un: Tractor unsprung mass accelerations in the z and y direction of the fixed iner-
tial coordinate system

Uy Velocity of the U;-frame

d,;: Acceleration of the U;-frame

th

¥;: Velocity of the center of mass of the «** unit

@;: Acceleration of the center of mass of the i** unit

Guit Angular velocity vector of the unsprung mass frame of the it* unit

Buit Angular acceleration vector of the unsprung mass frame of the #** unit

Fei: Angular velocity vector of sprung mass frame of the it* unit. From the definition
of the sprung mass frame, it is the angular velocity of the ** unit

k unit. From the

Doit Angular acceleration vector of the sprung mass frame of the i*
definition of the sprung mass frame, it is the angular acceleration of the i** unit
Gsijuit Angular velocity of the sprung mass frame of the ith unit relative to the un-

sprung mass frame of the i** frame

4.3 Coordinate Systems and Description of the Motion

In order to facilitate the description of the dynamics of heavy duty vehicle systems,
several different Cartesian coordinate systems are used in the modeling process. As
shown in Fig. 21, we define an unsprung mass coordinate system(U;-frame) and a
sprung mass coordinate system(S;-frame) for each unit. The S;-frame is attached to
and moves with the (z'“z unit) rigid body. The center of gravity (C.G.) is defined as the
origin. The longitudinal, lateral and vertical axes of the body are naturally defined as
the z, y and =z axes respectively. The positive z axis points towards the front, and the
positive y axis to the left, the positive z axis points upward. So, the motion of the S;
frame describes the motion of the it* unit of a HDV system. The U;-frame is also a

moving coordinate system and is defined as the projection of the S;-frame on the road
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surface in its static equilibrium state. The static equilibrium state of the S;-frame is
defined to be the stand ill state with no roll, pitch or bounce motion. As defined, the
U;-frame has only planar trandational motion and yaw motion about the z axis. Now,
we define an inertial coordinate system, n-frame. This frame is fixed with respect to
the ground. The yaw angle(¢;) of each unit is measured from the z axis of the n-frame
to the ¢ axis of the U;-frame.

The motion of each unit of a HDV system can be considered to be the addition
of the mation of U;-frame relative to n-frame and the motion of S;-frame relative to
Q-frame. U;-frame has planar trandational motion and yaw motion (ii) relative to n-
frame, and S;-frame has bounce(i), roll($) and pitch(é) mations relative to U;-frame.
Both roll and pitch motions are considered to be small. For the uniformity of the the
treatment of each unit and clarity of description, all the above mentioned notational
motions are nominal, that is, the rotational angles are measured about the sprung
mass or unsprung mass coordinate axes. Due to the holonomic constraints, the actual
rotations do not happen about the unsprung mass frame axes or about the sprung
mass axes. The relationship between the nominal rotational motions and the actual
rotational motions are investigated in section 4.5.

In theory, the dynamic equations can be expressed in any coordinate system and can
be transformed into any other coordinate system through coordinate transformations,
In practice, there is usually a coordinate system in which the dynamic equations are
simple but may have apparently stronger physical interpretation in another coordinate
system. Also in some coordiante system, the control design task may be convenient. All
these considerations necessitate the utilization of coordinate transformation between
two different coordinate systems.

Let T denote 3 x 3 coordinate transformation matrix between two different frames.

Then, the coordinate transformations between unsprung mass frame U; and the inertia
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n-frame are

Figure 21:

COS €;
sin €;
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CoS €;

—sine,-

I 0

Different Coordinate Frames

—sineg O
cose; O

0 1

sin 61'0W

cose; O

0 1

The coordinate transformations between two unsprung mass frames, namely U;-frame
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and U;-frame are:

cos{€y; — €ui)
Twicuj = | sin(ey; — €us)
0
-
cos(€y; — €ui)
Tuj(—ui =
i 0

- sn (ew-—em-)
cos(€yj — €yi)

0

sin(€ey; — €ui)

— sin(ey; — €4i) CO8(€y; — €ui)

0

o

o

0
1

The coordinate transformations between the sprung mass frame and unsprung mass

frame of the same unit, under small roll and pitch motion assumptions, are:

i 1 0 -6
Toicni = 0 1 i
L 6; "¢i 1
1 0 o
Tuicsi = 0 1 —qbi
-0 ¢ 1

4.4 Kinematics of the Heavy Duty Vehicle

In this section, the expressions of the kinematic quantities such as trandational veloc-

ities, angular velocities, translational accelerations and angular accelerations of both

U; and S;-frame are given in different coordinate systems. Because of the constraints

between units, the relative motion of the it* U-frame to the (i—l)”‘ U-frame is de-

fined by the relative yaw angle, eg., ¢ —¢;~1. The relative translational motions are

confined. Inductively, the absolute motion (motion relative to the inertial n-frame)

of the U,-frame is a function of the motion of tractor unsprung mass frame, the yaw

motions of all the previous units and yaw motion of the current unit only. This is an

importance feature, we will make extensive use of this characteristics in the derivation

of both complex modd and simple modd.
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4.4.1 Tractor Unsprung Mass Dynamics
In the inertial coordinate system, position vector of the C.G. of tractor is defined as:

Tn
M1l = | s (57)

2n
n

From the definition of the unsprung mass frames, the position of the origin of U;-frame

in the inertial coordinate system is given by:

Ty
[Putln = | yn (58)
0

n

The velocity and the acceleration of U;-frame in terms of time derivatives of z, and

Yn A€
[ﬁul)n = yn y [aul]n = yn (59)
0 0 .

The U,-frame veocity in U;j-frame is obtained by coordinate transformation given in

equation (54) of section 4.3

% COS €1+ Uy SN €1
[Eul]ul = Lylen [@Ll]n = —I, SN e+ yn COS €1 (60)

0
ul

In control applications, the traveling velocity and deviation rate of the vehicle from
the desired path are of interest. We define the longitudinal velocity and the lateral

velocity of the tractor, v, and v, respectively as,

Vg
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From equation (60) and equation (61), we have the following relations:

Up =&p COS €1 + Yy, SN €3

Uy = —Zy SN €1+ Yp COS €;
and,

T, = Vg COS €1 — v, SN €1
Un = Vg SIN €1 + vy COS €1

By taking time derivative of equation (61), the acceleration of tractor is obtained in

terms of v, and v, and their derivatives.

- -

[aU1]u1 = % [0“1]u1

= [a—tvullul + [Gurly X [gdt'fful]ul
(64)
Uy — €10y
= Uy + €10z
R
where, [Jy1],, is the angular velocity of Uj-frame. It is equal to [0 0 61]31-
By applying coordinate transformation to @,;, the acceleration of the Uj-frame is

obtained in terms of n-frame variables.

I, COSe€y + &SN €
[Eul]ul = Tul(——n [‘—iul]n = —in sin €1+ yn COS €1 (65)

I 0

ul

From equation (64) and equation (65), we have the following relations:

Vg — €10y =&y COS €1 + {jn SN €
(66)
Oy + €1U; =—&, SN €1 + §jn, COS €1

The complex modd is derived in U;-frame and the simple modd is derived in U;-

frame. By utilizing the coordinate transformations given in section 4.3, the tractor
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velocity in Uy coordinate system in terms of v, and v, is obtained as:

Uy cos(€g — €1) + vy sin(ex — €1)

[Cui)yr = | —ve sin(ex ~ €1) + vy cos(ex — €1) (67)

0

uk

The acceleration of tractor in Ux coordinate system in terms of vy,vy, v, and ¥, is

obtained as;

by cos(er — €1) + Uy sin(ex — €1)

(@l = —¥ sin(ex ~ €1) + 0, cos(ex — €7)
0
uk
(68)
—vy cos(€eg — €1) + v sin(ex — €1)
+ | vy sin(ex — €1) + vy cos(ex—€p) &
0
uk

In the following sections, we will use v,,v,, v, and ¥, to describe the dynamics
of semi-trailers, dollies and trailers. If one need to express the dynamic equations in

terms of &,,¥,,%, and §j,, equations(62) and (63) can be used to fulfill the task.

4.4.2 Velocities of the U;-frame

Once the tractor velocity is defined, from the kinematics, the velocities of the following
units are obtained inductively. See Figure 26.
The velocity of the second unit(z = 2) is given by:

0 0
5'uZ = 6111 - drlél - df2é2 (69)
| 0 0
ul u2
and.
0 0
o " . i-1 . 0 dpié
Uyi = Uui — | dy1€y - Zj=2 (dfj + drj)€j - 0
0 0 , wi o (70)
ul uj
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for dl unitswithi > 2.

These velocities can be expressed in terms of v, and v, in Uy coordinate system by

applying appropriate coordinate transformations. For completeness, we aso give the

velocity of the tractor. The velocities of the tractor and trailing units are :

for the tractor, i = 1,

vy cos(€ — €1) + vy sin (e — €1)

[Putlur = | —vz sin(ex — €1) + vy cos(ex — €1)
0
uk
for the second unit, i = 2,
vy cos(ex — €1) + v, sin(ex — €;)
[Tuz]uk —vy sin(ex — €1) + vy cos(ex — €1)
0 uk
sin(ex — €1) sin(ex — €2)
— | cos(ex — €1) d,1€1 — | cos(ex — €2) dyoéy
0 uk 0 uk
fori > 2,
vy cos(€x — €1) + vy sin(eg — €;) sin(ex — €1)
(Ouilye = —vg sin(€g — €1) + vy cos(ex — €1) — | cos(ex — €1)
L 0 uk L 0 uk
sin(eg — €;) sin(ex — €;)
_ 23;12 COS(ék — ({j) (dfj + drj)éj — || cos(ex — €)
0 uk L 6 uk

39

drlél

dyié;

(72)
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4.4.3 Angular Velocities and Angular Accelerations of the U; and 5;

Frames

The unsprung mass frame rotates only about its z axis ¢; radians relative to the inertial

n-frame. Therefore the angular velocity of Us-frame is;

0
[Guyi = | 0 (74)
G 1y
The sprung mass frame has roll(¢;) and pitch(;) motion relative to unsprung mass
frame. The relative angular velocity of the S;-frame to the U;-frame is.
$i
[Qsi/m'lsi =| & (75)

o 1.
i

Then the angular velocity of S;-frame relative to inertial n-frame is given by:
Byi = Bui + Bifui (76)
in U; coordinate system, it can be expressed as:
i
[Wsily = [Fuilys + Tuicsi [Qsi/m&l = ; (77)
é — ¢ib; + 0:9;

and in S; coordinate system, it can be expressed as.

é; — 0:¢;
[‘-‘_}si]si = Lsjewr [‘Ijuz]m + ["331/uz] si = é;’ + ¢z€z (78)
€ .

The rate of change of angular velocity of S;-framein S; coordinate system is:

bi — ;€ — 0:¢;
[‘331‘ = 0, + ¢:€; + (,1.51‘6',' (79)
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4.4.4 Accelerations of U;-frame

Now that we know the trandationa velocity and angular velocity of the U;-frame, we

can obtain the trandational acceleration by taking the time derivative of the velocity.

[6U1]uz = % [61”]11,1 (80)
or,
Guidai = [5ui]; + Builus X Bl (81)

From equation(73) for the case of k = and equation(74), we have the accelerations of

the U;-frames in terms of v, vy, ¥ and v, expressed in Us-frame as follows:

for tractor, i = 1,
Uy — €10y
[@ulyr = | oy + é1vs (82)
0 ul
for the second unit, i = 2,
Uy cos(€g — €1) + Dy sin(ez — €1) —vy cos(€ — €1) + vy sin(ey — €)
[u2)ye = —Ug sin(ez — €1) + Oy cos(ez — €;) T | wvysin(e — €1) + v, cos(ez — €1) €
0 u2 0 u2
—& sin(ez — €1) + €2 cos(ez — €1) é2
+ | —& cos(eg — €1) — é2sin(ez — €1) da+ | =€ dyo (83)
0 u2 0 u2
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Uy cos(€; — €1) + Oy sin(e; — €;1)

[an]ui = —y sin(ei - 61) + f)y COS(Q‘ — 51)

| o |
ur

—vy cos(€; — €1) + vy sin(e; — €;)
+ | vy sin(e — €) + v cos(e; — €) €
L 0 ut
—& sin(e — 1) + €2 cos(e; — €7) (84)
+ | —é& cos(€; — €1) — é sin(e; — €1) dr
0 :
L ul
—&;sin(e; — ¢;) + € cos(e; — ¢;) &
+ Z;;é ~&; cos(e; — ¢;) — €2 sin(e; — ¢;) (dri+dej) + | =& dyi
0 0

The acceleration expressions in U;-frame are used in the complex model. In deriving
the simple model, the acceleration expressions in U,-frame are needed. By applying

coordinate transformations 731w, Such that,

-

[(_iuz]ul = Tul(—-u’i [aui]m’ 3 1= 27 33 EERE) N (85)

we have:

for the second unit, (i = 2)

ul ul

—€ysin(e; — €2) + €2 cos(e; — €3)
v | —& cos(ep —e)—é3sin(ep—es) dgo

0

ul
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and for 7 >

2,

Uy — €10y é%
Uy + €10z + | - dr
0 0
ul ul
—&;sin(e —¢;) + é? cos(€; — €;)
+ 5 | —§cos(er — &) — sin(er —¢;) | (dsi + drj)
87
0 Ul (87)
—~& sin(eg — €;) + é? cos(€r — €)
+ | ~&cos(e; ~ &) — €2 sin(e; — €;) dy;

0
ul

4.45 Translational Velocity and Acceleration of S;-frame

The motion of the S;-frame reative to the inertiad n-frame is the addition of the motion

of U;-frame relative to inertial n-frame, the bouncing motion of U;-frame relative to

n-frame and the motion of S;-frame relative to U;-frame. Therefore the velocity is

given by:

0 Pi

0 — Tuiesi [Jii/ui] o X1 0

; VU, r;

L Zp1 + L 2

~76; + p;0;b;
ridi — picibi
| Zp1+ vvai + pib; + 1:(8:0; + $i;)

where, vv,;s are the bouncing motion propagation terms and z,; is the velocity of the

tractor pitch center in the z,; direction (See Fig. 22) and is given by,

épl = 2:'n - plél (89)
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Figure 22: Bouncing Motion of the Units

The bouncing velocity propagation terms are

Vv, = 0

VU2 = P191 + drlél (90)

vusi = pi6y + drfy + Yi2h (dgj + drj);

The roll and pitch motions are usually very small, the second and higher order

terms can be assumed negligible. By setting the second order terms in equation (88)

to zero, the velocity of the C.G. of the i** unit is obtained as:

—r;0;

(0] = [Pusly; + rid; (91)

épl + vy + pzoz

ut
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The acceleration is obtained by taking time derivative of the S-frame velocity given

by equation (91).
@], = & [ui (92)
or,
(@il = [$5] , + (3 x (6] (93)

Applying the above formula to the velocity expressions given in equation (91) , we get:

—rib; —riéid;
@)y = [@uily; + ric + | —riéib;
) (94)
Zp +aay +pi6; | 0 .

where,

aay; = 0
a2 = plél + drlél
aaz; = pif; + d161 + Zj‘;lz(dfj +drj)f;

Conventions: Right arrow at the top of a character indicates that the character is
a vector, e.g. U. If a vector is embraced in a pair of square brackets, it means the
vector is expressed in a coordinate system designated by the subscript o f the bracket,
e.g. [v],,. The arabic numbers or the character i in subscript denotes the index of the
unit that the character represent, i.e. @; and @;. The subscripts x, y and z indicates

the directional component of the quantity, e.g. v;,v, and v,.

4.5 Propagation of Roll and Pitch Motion

From the roll stability point of view, the hitching mechanisms between tractor and

trailer or between trailers are all designed to redtrict the relative roll motion of the two
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Figure 23: Roll Motion Coupling

connected units. In the fifth wheel connection, considering the pitch motion, the unit
rotates about an axis which passes through the connecting point and pardlel to the y
axis of the previous unit. We define the actual rotating angle of the i** unit relative
to the (i —1)* unit as 6,;. Then the nominal roll(&) and pitch(6;) angles and al of
their derivatives(¢;,&;, di,é:) are functions of the roll motion of the previous unit,é;_1,
the physical pitch angle, 6,;, and the relative yaw angle, (¢; —¢€;—1). For example, if
the relaive yaw angle, i.e. ¢, —¢,_1= 0, is zero, then, ¢; = ¢;_1 and §; = 6,;. If the
relative yaw angle, i.e. ¢ —¢;._3= 90 deg, then, ¢;=6,; and 6; = ¢;_;. We assume
that the pitch and roll motions are small. Under this assumption, the superposition
principle can be applied as follows:

First assume, 6,; = 0. From the geometry in Fig. 23, we have,

tan¢; = tan ¢;_jcos(e; — €;—1)

(95)
tan 8, =— tan ¢,~_1sin(ei—ei_1)
If ¢;_1 = 0, then from Fig. 24, we have,
tan 6; = tan @,;cos(e; — €;_
P ( 1) (96)

tan ¢; = tan Oy, sin(e; — €;-1)

Applying the small angle superposition principle, the roll and pitch motion of the ‘"

unit are the joint effect of the (i —1)** unit roll motion and the physical relative pitch
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Figure 24: Pitch Motion Coupling

motion: i.e.

¢; = arctan(tan ¢;_jcos(e; — €;-1)) + arctan(tan 6,;sin(e;—€;—1)) (97)

f; = — arctan(tan ¢;_;sin(e; —€;—1)) + arctan(tan Op;cos(€; —€;-1))
In exploring the relationships of the rates of rotational motions, we assume that the
yaw motion of U;-frame relative to U;_;-frame is approximately the same as the yaw
motion of S;-frame relative to S;_;-frame. The angular veocity of S;-frame in terms

of ¢;—1 and B,; is:

épi (98)
s(i-1)

If the coordinate transformation from S;_;-frame to S;-frame is approximated as:

cos(e; — €;—1) sin(e—¢i—1) O
Tsi(——s(i——l) = | —sin{e —€—1) cos(e; —€i—1) 0 (99)

0 0 1
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the nomina roll and pitch rates of S;-frame are

b $i1
6; = Ties(iz1 Bpi
es(i=1) | Op (100)
X *
si s(i—1)
e
¢1 = (f;.i—l cos(€; — €;-1) + 05',,,- sin(e; — €;-1) (101)
0; = —di_1 sin(e; — €_1) + Op; cos(e; — €;-1)
The rates of change of the roll and pitch angles are:
q.gi = q;z'—l COS(€Z' e 6i—~1) + épl' Sin(q - 63"_1) + (63 - éi_l)éi (102)

f; = —di_y sin(e; — €i1) + Gpicos(e; — e;_1) — (il — éi_1)di
As we can see, ¢, and 6; are functions of &51, and 5,,J-s for al 2 < 7<i. For compactness,
we define the following quantities:
A; =cos(e; — €i—1)
B; = sin(e; — €;,-1)

Ci= (& — éi-1)6;

(103)
D; = —sin(e; — €_1)
E; = cos(e; — €;—1)
Fi=—(&~é-1)bi
The angular acceleration equations can then be rewritten as.
bi = Aidi_1 + Biépi +C; (104)

0; = Di¢i_1 + Eiby; + F
By reapplying formula (104) to all the intermediate roll accelerations, we get the fol-

lowing equations.
$i = (Mima Ai) 1+ Tics (Wmkss A5) Bubior + Thos (ITici 45) Ci
6 = Di(TTZh A;) é1 + D iz (ks A)) Bibi
(105)

+Eibpi + Di 04 (it 4;) i + F
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4.6 Complex Simulation Model

from the advanced dynamics theory, a dynamic system is defined as a collection of
elements which interact with each other and is subject to external forces. In the case
that the dements are 3D objects, the elements are called free bodies. For each free body
we can write down 6 differential equations, i.e. three translational motion equations
and three rotational equations. So, for a system which consists of N free bodies, we
have 6N differential equations. This means that we have 6N unknowns to solve for.
The external forces are known functions of time and the system states, where the
system dtates refer to the positions and velocities. Some interacting forces are known
functions of time and system states, and some are not. The latter is usually referred
to as the constraint forces. The nature of constraint forces is that they eliminate the
degrees of freedom at the cost of introducing constraint forces which can only be solved
from the dynamic equations.

By selecting the states (generalized coordinates) carefully, as we have shown in
section 4.4, the translational accelerations and rotational accelerations for each body
can be easily expressed in terms of the states only. Furthermore, the sum of the number
of general coordinates and the number of constraint forces are always 6 x N, where
N is the number of units of the system. Then, for each unit we can apply Newton's
equations and Euler's equations of motion, Fig. 25 is a freebody diagram for the it”

unit of a truck. Newton’s Equations for the it* unit are:
M,d;, = ﬁ; (106)

where, F* is a total force vector acting on the #** unit. As shown in Fig. 25, it
is the sum of the tire forces of four wheels and constraint forces of both front and
rear constraints. The front constraint force (F}) components are defined along the
directions of unsprung mass frame of the previous unit. Similarly the rear constraint
force(F,f) components are defined along the directions of unsprung mass frame of the
unit. The directions of all the tire forces are the same as the unsprung mass frame

directions of the unit that the wheels are attached to. Therefore, the front constraint
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Figure 25: Free-body Diagram of the Truck Unit
forces are given by:
. -
[Fim = _Tui4—u(i—l) [F:‘ ]u(i—l) (107)

By expanding the above expression into its component forms in U;-frame, we have,

F}I = —Fj;l cos(€; — €—-1) — Fr’ljl sin(e; — €-1)
F}y = FriZI sin(e; — €;-1) — F,f;1 cos(€; — €—1) (108)
Fj‘z = —Fr?.z_l

The total force (F* = [FL,, Fiy,sz]T) is given by:

F.jx:Ftila:"'FtiM:+F¥3x+ﬂi4x+F}I+F:x
ng = Fg1y+F'Z:2y+FtiSy+Fti4y+F}y+F;y (109)
Fi, = §1+F§2+F§3+F§4+F}Z+F52
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Euler's Equation for the it" Unit is:

I ysic — (I, — I wsiywsiz = Mg,

. . . 3 ;
I;ywsiy — (I;z — I;I)WSiwair == Msy (110)
I;Zwsiz - (Ixz‘ - Iyy)wmstzy = Msz

where, MM;y and M;, are the componets of total moment M; in the S-frame.

However, it is much easier to calculate the moments in U;-frame.

B, Fi,
Mi=M+Ryx | Fi | +Rex|F, | +M;+M 11)
) i
Ffz ug Frz ur
where, MJL is a moment term which comes from the tire forces,
ﬂilx Ei2z ti3z F, ti4x
Mi=FRix| Fy, | +Rx|Fy | +Rix| F, | +Eix| Fl,
szl ui zi2 wi Fzz3 wi F;4 (u1i12)

and Z\7I,% is a rear constraint moment. M} is the reaction moment acting on the front
constraint point. The front constraint reaction moment can be calculated from the

rear constraint moment of the previous unit as follows,

[M}] = ~Tuicati-n I o (113)
that is,
M}x = —Mi;! cos(e; — ;1) — M;;l sin(e; — €;,-1)
M}y = M:;l sin{e; — €i—1) ~ M:;l cos(e; — €;-1)

(114)

Mi, = -M!
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- E

In the above equations the wheel position vectors RQ,RQ,I%% and I?ﬁ are given by,

Ly L
Fi=| Tu By=| -3
\. _ZEG s L _ZEG i
[ —lri 1 [ _l"i W
Fi=| T Bi=| %
L—Zé‘G_m- L_ga-ui

The constraint position vectors B’ and R:, are given by,
dy; ~dy;
Ri, = 0 R, = 0
Ci— Zég y Cr - Zog ui
The moments in S;-frame are obtained by the coordinate transformation:
M; = Tt _Mi

steut

that is,
M;' = M:Ly - ¢iM1iz
M, + 6: M., — $: M,

ut

For the sake of convenience, we also define,

Mi = Tiie M
M&x - onuz
M; = Muy + ¢iMuz

Muz + onuz' - ¢2Muy

ut
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and,

€f = € — €1
Ci. 1= Ci = Zig

Finaly we have the total moment expression in component form of S;-frame as follows:

Mi, = (=Ci,—6ids)sines Fi7 4+ (Ch, + 8idgi) cos €5 F:
+(=CL, + 6:d,i) F},
— cos g Mi! — sin efogjl + 0, M1
+ Miy =6 M}, + M,

-1
Y

M;y = (‘—Cjcz cos €+ ¢idg; Sin €5) Fﬁ;l + (-C}z Sin €5 — ¢idy; cos €f) Fﬁ;l + dfif’jr’; !
+CLFL, - ¢:diFi, + d,iFL,
+sin e, M1 — cos efM,fy_l — g M
+ME, + ¢ M, + M, (121)
M;Z = (dﬁ sin ef—a,-C}z Sinef + ¢iC}z cos Ef) F,f;l

+(—dsicosep + O,C}z Cos€f + d),-C}Z Sin ef)Fizt — did i Fig
—¢iCLF}, — (dri + 0;CL) FY — ¢id,iF),

—(B;coses + disinef) MiZY + (—0;sin €5 + dicosef) M — Miz?
+ ME, + 6 Ml ~ ¢ My, + M.,

There is a very useful aspect of these dynamic equations. All the governing equa
tions are linear functions in terms of accelerations of general coordinates and the con-
straint forces. If the constraint forces are not necessarily to be solved, by applying
linear operations to the equations of mation, al the constraint forces can be eiminated.

Then, we obtain the differential equations in terms of selected general coordinates only.

4.7 Simple Control Model

In the simplified control model, only the planar translational motion and the yaw

motion of tractor and the yaw motion of each trailing units are considered. The natural
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way of deriving simple model should be the simplification of the complex model by
setting certain modes (general coordinate) to zero. All the smple models available in
the literature are derived in this way. In this section, a general practical method of
deriving a simple model is presented. Using this method, the motion equations can be
written without deriving the complex model.

If we ignore the roll, pitch and bouncing motions of each unit of HDV, the system
has N + 2 degrees of freedom: two degree of freedom for planar motion, N degrees
of freedom for yaw motions. The translational motion of the tractor, i.e. v, and vy,
and the yaw rate of each unit, i.e. ¢;, are a possible set of generalized coordinates.
In section 4.4 we have shown that all the trailers velocities and accelerations can be
determined in terms of v, and vy and é;s. Then, by applying the newton’s second
law to the system, two differentia equations can be easily obtained. The equations of

motion in U;-frame are:

Fsﬁitfl = (T M) (02 ~ é1vy)
+ Z?=2 ( ;L=,' Mj) {dr('i—l) [gi—l sin(ei_l et 61) + é?—l COS(G,-_I -~ 51)]
+dy; [€sin(e — €1) + €7 cos(e; — €1)]}

Fgf'lottlal = (Z?:l Mz) (vy + élva:) (122)
+ i (Z?:i Mj) {dy(i-1) [~Tim1 cos(eim1 — 1) + €2 sin(ei1 - e1)]

+d i [—€ cos(e; — €1) + € sin(e; — €1)]}

where, Fi%%! is the total external force in the z direction of Uy-frame, and Figi* is the
total external force in the y direction of Uj-frame. They are the sum of al the tire

forces in the each direction and are given by: ,

Flotal — 5~n [(Z;l':l nga) cos(¢; — €) — (E‘;___l nyj) sin(e; — 61)]

Et = 5 [(Sher Bl sin (= @) + (Sl Pl eos(a-ed]

where, F} ;s and F},;s are defined as shown in Fig. 26.
In considering dynamic equations related to the yaw motion, there are relative
motions between each adjacent units. In order to account for each unit's yaw motion,

the units consisting the HDV system have to be considered individualy. If we apply
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Figure 26: Simple Heavy Duty Vehicle System

Euler's rotational motion equations to each unit, we have to consider the constraint
forces and constraint moments. For applications, however, an explicit expressions of
differential equations is desired. This means that we need to cancel all the unknown
congtraint forces from the equations of motion. Although, the constraint forces appear
linearly in equations, it requires considerable algebra to write down analytic simple
model. Is there any way that we can directly write down the equations as we do for

the planar motion? There are three facts which cal our attention:
o In the Lagrangian mechanics, we do not have to consider the constraint forces.

« The velocity and acceleration of the ** unit are dependent on the tractor's trans-
lational motion(&,,9,) and only on the yaw motions of its preceding units and

current unit (e;, for 7 < i).
o The potential energy is constant.
Keeping these in mind, we use Lagrangian method to derive the equations of yaw

motions.
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The Lagrangian equation is:
4 (%) - 3L - F, (124)

where, the ¢;s are generalized coordinates, L is the Lagrangian and Fy, is the generalized

force associated with generalized coordinate g;.

For HDV,
L=N,T;
Ziz= (125)
Ti(é1, €1, €, €2+ - - €im1y €im1y €0y &) = S MG[Ti]ui . [0)us
The vedocity is given in section 4.4. Then, the Lagrangian equation for ¢; is.
n [d (9L aL;| _
[ (50) - 52 = 7 (126)
We define,
Ji.— 4 {9L:
[i .= 8L
3T B¢y
The E;'- can be expressed as the following:
For j =1,
1_;% = I;z.f.l
L? = ~Mad {0y — d1& — dfa€a cos(eg —€1) + dya(éz — é1)égsin(eg — €1))
y » (128)
Ly = —M,'d,-l{’[)y — dy1€1 — ;_—_:2 [(dfj + d,j)'e'j cos(ej — 61)] — dy;€ cos(e; — 61)}

— M;d 1 {2525 [(dgj + drj)é;(é — é1) sin(ej — e1)] + dgiéi(és — é1) sin(e; — 1)}

From equation (125), we can conclude that E; =0 for j> .

For i>j and j> 2, Lis are:

L} = Mydsof[v, sin(ez — €1) — Uy cos(eg — €1)] + dr1€1 cos(er ~€2) + dy2kr

+(é2 — é1) [vg cos(ez — €1) + vysin(ez— 1) + dpégsin(e; — €2)]} + 12,€129)
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and, for i>k > 2

I_)}C = M;(dsx + k(1= 6ix)){[05 sin(ex — €1) — Oy cos(€k ~ €1)] + dr1€; cos(er — €x)
+ 5 [(dys + drj)j cos(ej — €x)] + dyiti cos(ei — ex)
+ Tizh [(dys + drj)éi(é5— &) sin(ex — )] + dpi(& — é1) sin(ex — )
+(éx — €1) [z cos(ex — €1) + vy sin(ex ~ €1) + dr1éy sin(e; — €x)] (130)
ek — &) [TIT(dgs + dryégsin(e; — ) + dyaéi sin(es — i) |}
+IL, &6k

where, §;, =1 fori=k, else &r=0

L‘ are given by,

G =0

%6—12 = Madr1éyvy — Madpaéa([vuacuz — [Vuiz]u2)

Sh = Midnéws —~ 505 (dgj + drj)éi([vuinluj — [Dura]us)
—dfi€i([Vuic]ui — [Purzlui), (2 3) (131)

e = Mydjaés [vuzely,

So = Midgy + drj)é [ouicly . (N2i23522)

Ger = Maudpnén [vunelun

where, [vy;;],; is the velocity of ¢th unit in z direction of Uj-frame and [Vuiy,; is the
velocity of i** unit in y direction of U;-frame.

The generalized forces are given by,

Fpe, = Ty Ther 5 - Far (132)

ik ; :
where, Fos are given by:
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for ;=1 and j=1,

_Twfl .
3711 — 2 ’ 887'12 —
361 l €1
1 4 ul L
_ Twrl W
Bfa _ 2 oite _
861 - l ? 361
f‘l _J ’u,]_ B
for 1 = 2,
- —d,qsin{eg — €
o _ r1sin(ez — €1)  for
1
—d,y cos(€z — €)
u2
I _Twf2 -\
O _ 2 o2z __
den ! ey
—dysa + 12
L 4 u2 L
_ Twr2
O __ 2 Ots __
dex T d I ’ Bex
L f2 r2 1wz
fori >3,k=1,
%a] _ —d,1sin(e; — €1)  for
€
' —dyycos(e; —€1) | |
k'3
fori>3, k=2,---,(—1),
o7, —(dy; + dy;)sin(e; — €k) f
dep ’
* —(dg; + dri)cos(e;—€x) |
ut
for 1> 3, k=41,
[ Twp:
T
€ 1
' —ds 1
i + fi ut L
__Twrz .
il I IR
€q H
—ds; 1
L fi ™ ut L
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(133)

(134)

(135)
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From the above discussion, we can establish three tables which can be resorted

when deriving simple models of heavy duty vehicle system of N units. Table one is for
L, table two is for L} and table three is for %%h,where k=1,2,3 or k = 4. Because

of the characteristic of L and ik, L%, L% and %}3& are equal to zeros for al j>i. So,

the three tables take upper triangular form as shown below:

Table one:
7il — [d
L) = |#
Table two:
Table three;

L

It 12

L3

~n
e

fe3)
E

job)
E:

QD D
~N

QO (@3
%3

D
o~
[

Q
3

.
. o
[

i
L3
L3

8F!n—1!k

Jen—1

us]
?Et
8

®
S’E’t
~N

@
. %Et
w

)
)
Dl
L

13

3

den

(139)

(140)

(141)

Then, the Lagrangian equaition for generalized coordinate ¢; can be obtained by

applying equation (126) to the i rows of each table.
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4.8 Example: Simple Model of Tractor Semi-trailer

This section presents non-linear simplified model of tractor-semitrailer as a special case
of the method described in section 4.7. For the tractor semi-trailer dynamical system,
the only external forces come from the tire forces. In simplified model, we assume the

linear tire modd.

4.8.1 Dynamics of Tractor Semi-trailer

Tractor Semitrailer system is a two unit system, therefore, » = 2. Consequently, the
simplified model has 4 degrees of freedom: Longitudinal and latera motion, yaw motion
of the tractor and yaw motion of the semi-trailer. By expanding equation (122) for

n= 2, the longitudinal and lateral dynamics equation is obtained as follows:

FtOtal = (Ml + Mg)(v ——élvy)

rul =

+My {d1[é3] + dj2érsin(ez — 1) + é2 cos(eg — €1)]}

Fiiet - (M - Mz)(i)y + €10;) (142)
+My{dri[—&1] + dp2[—€2 cos(ex ~ €1) + é3sin(ex — €1)]}
where,
F;Ztlal - Ftl.l‘j ( ?:1 Ft2:L‘j) COS(€2 - €1) (E] 1 ty]) Sin(€2 - 61)
Fytfl“l = Ftlyj + ( ?:1 Ft%cj) sin(e; — €1) + (Z] 1 tyJ) cos(ez~€1) (143)

From equation (142) and equation ( 143), and by rearranging the terms, we get:

(Ml + Mg)’[)y - mgd,.l'él — Mgdfg COS(€2 - 61)52
+(M1 + Mz)élvx + Mzdf2€% Sill(€2 — 61)
= =1 Fuy + (Z}LI Ftij) sin(eg — €1) + (E}*:l F[‘;J-) cos(e2—€1)  (144)
In deriving yaw motion equations, let the generalized coordinates

[91, 2] be [e1, €2)T. The tractor yav motion equations is given by:

(LY 4+ I3) - (B3 + L) = (Thay 52 Fin) + (Thoy $26Fne) (145)
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=

>0

Q
I e e R o
b)) e

and,

ILé
= ——Mzd,—l{’l}y - drlgl - dfz.ﬁ.g COS(€2 — 61) -|- dfg(ég - él)ég Sin(ég —_ 61)}

= 0

(146)
= Mad,1é; [ve + G2 &sin(ez — €1)]
T
k=1 851 = L(FL, - Fhy) + B (Fly — Flia)
Hpr(Fhy + Fio) = b (Flys + Fiya)
(147)
Th= 1 351 sz = —dpsin(e—ea)(Fiy + Fio + Fios + Fia)

_df']. COS(€2 - 61)(Ft2yl + Ft2y2 + thyB + F‘éj‘l)

From equations (145), (146) and (147), and by rearranging terms, we have the

equation

The

where,

of motion for tractor as follows;

—Mgdrli}y + (Mzd?l + I;z)él + Mgdrldfzgg COS(€2 — 61)
—Mgdrldfgé% Sin(fz - 61) e M2dr1élvx

To
2 (Fly — FLy) + L Lust (FL, — Fla) + lfl(Ftlyl + Ft1yZ) - lrl(Ft1y3 + Ft1y4)
—dpysin(ez — €1)(Foy + Fiag + Fia + Floy) (148)

—dyy cos(eg — €1 ) (FZ, + Flo + Fls + FZ,)

semi-trailer yaw motion equation is given by:
T3~ = T, e (149)

= Madsa{0; sin(ey — €1) — Uy cos(eg — €1) + dp1€; cos(eg — €1) + dpaéy

+(ég — é1) [z cos(ez — €1) + vy sin(eg — €1) — dp1€éy sin(eg — €1)]} + 126,

= Madfaéa{v, cos(e; — €1) + vysin(ey — €1) — dr1éy sin(eg — €1)} (150)
For Ty
Ei:l %{;’EF% = M(Fl, - Fiy) + (Ft:ml F3)

2
+(f2 — dp2) (FE + Fty2) ~ (lra + dg2) (Fi3 + F) (151)
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From equations (149), (150) and (151), and by rearranging the terms, we have the

yaw motion equation of the semitrailer as follows:

Mad 20, sin(ez — €1) — Madgg cos(eg — €1) 0y
+Mad,1d o€ cos(eg — €1) + (M2d?f2 +12)é,
—M3d €1 [vz cos(eg — €1) + vy sin(eg — 61)] + Mod,1dsosin(es — €)é2
= Z%Q(thxz - FLy) + T2 (FL, — Fis) (152)

+(lp2 = dpa) (Fhu + Fip) — (o + dpa) (Fn + Fiu)
4.8.2 Linear Tire Model

In the simplified model, we assume tire model is linear and the steering angles of front
whedl of each unit, the relative articulation yaw angle are small. The longitudina and
lateral forces of the i** unit tires are:
Fi =Cz’ /\i
ak sf7sf (153)
Ffy = Caigais
for the front wheels ( k=1,2), and
Fi = CLX,
= ’ (154)
ng = CoirQir
for the rear whedls ( k =3,4), where, C? sand C:. are longitudina stiffness of the front
tires and rear tires of the ** unit respectively, and Caif and C,, are the cornering

stiffness of the front tires and the rear tires of the #*" unit respectively. From Fig. 27,

by applying the coordinate transformation to the front wheel forces, we have

) ) . (155)
for k=1,2. and by relabeling the rear tire forces, we have:
Fz' — Fz'
e (156)
nyk = Fy,

for £=3,4.
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Figure 27: Linear Tire Foreces

The tire dip angles are defined as.

a;f = §; — arctan ([Eﬁh]ﬁ)

velocity components in ¢ and y direction of the U;-frame respectively, and

@j, = — arctan ([_}T—[Z::x]::)

the velocity components are given by:

Twil «
[sz:c]ul = [Uuw] + "_Ll'el

[vzrac]ul = [vuw]m + “mu’fl
[v’f?/]ul = [Uuzy]m + lf 161
[Uzry]ul = [vuzy]m' - lr1€1

tions of the U; coordinate system. They are given in section 4.4.
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for the front wheels of the i** unit, where, [vifz]ui @nd [vigy]ui are the front wheel

(158)

unit, where, [Virz]us and [virylu: are the rear wheel velocity

components in the z and y direction of the U;-frame respectively. Referring to Fig. 27,

(159)

where, [Vyiz]ui and [vyy].: are the U;-frame velocity components in the z and y direc-



For the linear tire model, we make the following assumptions.

o If we do not consider the traction or braking force, the tire longitudina force is

small compared to the lateral force, so let Fi, =0, for k =1,2,3,4.
o The relative yaw angle between units are small.
o the steering angles and the dip angles are small.
« Ignore quadratic and higher order terms.
o The longitudina velocity of each wheel are approximately equal to vg.

Under these assumptions, the tire forces for the tractor are:

) A ) R 1 vy+érl
th = thz = "Nfcalf %&51

Ftlac:a:Ftlm:O

(160)
Fip = Fiyg = NjCor4(81 - U—”—-'f:—lﬁ—)
vy—€ly
Fls=FLy= N!Cor, (-2522)
smilarly, the tire forces for the semitrailer are:
F: =F2, = _N%CazfUy—drxﬁ'xlfx—(éfzvflfzﬁzjzﬁil)52
Fis=Fiy =0
(161)

Fly = Flp = NjCony(8; — t=tna=lpiplazulozal,

Vx

Flq - F2, - N2C«azr(_vy—drlél—(df2+lr2)6'2,:-%£62-_61))
ys - ya - r

Ux

4.8.3 Simple Model

In lateral vehicle control, we assume that the vehicle has constant longitudind velocity.

Thus, by substituting equation (160) and (161) into the second equation of (144), and
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ignoring the second order terms,

F;ff“l = 2N}51 + QN%CQI‘/ cos(€z — €1 )02
—% (N}Calf + N}Coir) + (N?Cagf + N2Cy2r) cos(ea — €1) }uy,
~ 2 {(N}Cuulst = N2 Coatrln) = (N3Cus + N2Can)dpy cos(es — 1) }éx
— 2 {—(N}Cozs 4 N}Caar)dsacos(ez — €;)
—}—(NJ?Cagflfz — N2Cy2rlr2) cos(ez — 1) }éo
+2(N}Cazf 4 N2Coar) cos(ez — 1) (€2 — €1)

(162)

By substituting equation (160) and (161) into equation (147), and ignoring the
second order terms,

Foe, = QN}Calflfl(Sl -~ QN%Cazfdrl cos(€z — €)8
—Z2{(NjCaifls1 ~ N}Corrlr1) — (N7Coaf + N2Casr)dr1 cos(ez — €1) vy
—Z{(NjCa1sl}y + N}Cortrl?y) + (N3Cazf + N2Conr)d?) cos(ez — €1) }vy
—;,2; (N}Calflffl + N}Calr&) + (N?Codf + NECazr)dfl cos(ez — 1) }éy
—{(N}Cazf 4+ N2Cua2r)dsad,1 cos(e2 — €;) (163)
+(—NfCa2flf2 + N2Coarlra)dr cos(es — 1) }é2
—2d,1 (N7Cozf + N Caar) cos(ez ~ €1) (€3 — €1)

By substituting equations (160) and (161) into equation (151),

Fge, = 2N7?Caaf(ls2 — df2)
~Z{N}Cazf(l2 = dg2) = N}Carr(I:2 + dy2) vy
“'%{—N?CaZf(le —drg) + N2 Coor (b2 + df2) }dr 164
~ 2 {[-N}Co2s(ly2 = ds2) + N} Conr(lr2 + dj2))d 12
+ [Nfzcodf(l_fZ —ds)lge + N2Cohor(lva + df2)lr2]}é2
+2NFCosf(l2 — dyz) (€2 — €1) — 2N Cazr(lrz + dp2) (62 ~ €1)

(164)

Combining equation pairs (144) and (162), (148) and (163), (152) and (152), and

rewriting them into the matrix form, we get:
oy »e 3 2 - 5
M(q,4)d + C(q,4) + 5-D(q) + K(q) = A(qg) 5 (165)
2)

where, ¢=[vy, €, é]T and,
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Mg, §) =

0
0

M1 + M2 —Mzdrl —-Mgdfg COS(€2 - 61)
—Mzdrl Izlz + M2d31 Mgdrldfg COS(€2 - 61)

—Mydsycos(ez — €1) Madeidys cos(er — €1) I + Mgd%

(M1 + M3)é1ve + Madg2é3sin(ez —€;)
—Mgdrlvxél — Mgdrldfz sin(ez - el)é%

—Mgdfgéﬂ)m COS(€2 - 61) - (Mgdfgél’vy - Mgdfgdrlé%) Sin(fg et 61)

(N}Calf + NCorr) + (N?Cogf + N2Caar cos(€z — €1))
(N}Calflfl ~ N}Corrle) - (N?Cazf + N2Co2,)dr1 cos(ez — €1)
- (N?Cazf + N2Cozr)d 2 cos(ez — €1)

+(N7Cozflya — N2Cazflga — N2Coarlya) cos(eg — €;)
(N}Corrlsr = N}Corrlr1) — (N3Cazf + N2Ca2r)dr1 cos(ez — €;)
(NiCarfl%) + N}Corrl?) + (N7Cazs + N2Cogr)d? cos(ez — €1)
(N7Caaf + N2Coar)dr1dya cos(ez — €1)

+(=N?Ca2flsz + N2Cazrlra)dr1 cos(ez — )

Nfcazf(lﬂ —drg) = N Co2r(lya + dfs)

[-N?Ca2s(lz — dg2) + N2Coar(l2 + da)]drt

[-N3Co2s(ly2— dg2) + N2Cosr(lr2 + dgo))dy2

+HIN?Cazs(lra = dys)dga + N2Cazr(lra + dy2)lro)

——2(Nf20a2f + N2Coaar) cos(ez — €1) Q(Nfcazf + N2Cuar) cos(ea — €1)
Q(N?Cazf + N2Co2r)dr1 cos(ez — €1) 2(Nfca2f + N?Cazr)dri cos{ez —€;)

0 —2N7Cass(lya—dys2) + 2N2Co2e(lr2 + dys)  2N7Cas(ly2 = dy2) — 2N2Conr(lez + )

2N;Cory QN?CO,Qf cos(ey — €)

A(Q) = QN}Calflfl —QN?Cagf doy COS(€2—€1)

0 QN?Cazf(lfg — dfz)
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If we denote:

Cos = NiCury
Car = N}Calr

Cat = erco&r (166)
2 __

Nf =0

(52 =0

then, the D(g) and A(g) matrix can be rewritten as follows:

D1(1,1) = Cag + Car + Catcos(ez — €1)

Di(1,2) = Coflpr = Carlpt — Cordrq cos(e2 — €1)
Dy (1,3) - =Cat(dga + 12) cos(e; — €1)
Dy(2,1) = Caglps — Corliy = Cordyy cos(ea — €1)
D1(2,2) = Caglyy + Corlli + Cordly cos(ez — 1)
D1(2,3) = Cotdrrdpacos(ez — €1) + Catlrad,1 cos(eg — €1)
D;(3,1) = —=Cat(lr2 + dy2)
D1(3,2) = Cat(lrz + df2)dr
D;(3,3) = Cat(lr2 + dy2)? (167)
0 2C ot —2Cqt
Ki(g)=1] 0 —2C41dr1 2Cq4dr
0 =2Cat(lr2 + df2) 2Cat(ly2 + dy2)
2C4f 0
Ai(g) =| 2Cafls1 o
0 0

If we further redefine dimensiona parameters as follows:

dy =dn ds = df;
Iy = lp ly = by (168)
3 =dgpy 4+ lro
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and, let:

R (169)
cos(eg—€1)~ 1

then, equation (165) becomes identica with the simplified model equation derived in
(Chen, 1996), which is the same as the eqution (1) of section 2 of this report.
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5 Conclusions

This report presents the accomplishments under MOU 289, “Lateral Control of Heavy
Duty Vehicles for Automated Highway Systems’, during the funding year 1996-97.
A linear analysis of tractor semitrailer model was presented. This analysis was fol-
lowed by the design of a smple linear controller for lane following. This controller is
a baseline controller in terms of performance of other linear and nonlinear controllers.
Offtracking analysis was presented for a single unit vehicle and tractor semitrailer. This
analysis is independent of the control design. Therefore, any control design can incor-
porate the offtracking information to center the vehicle in the lane. Finaly, modeling
of multi-unit articulated vehicles was presented. Any road train combination with
tractor followed by trailers, semitrailers and appropriate dollies can be modeled by
the proposed method. Both the complex simulation model and the simplified control
design model were derived for the general road train. As an example, the simplified
model of a tractor-semitrailer was presented and compared with the previous model.
The experimena study based on the andlysis presented in this report will be continued
under MOU 313.
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